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I. INTRODUCTI!ON

We shall develop some extensions to the
models proposed by Drew and Fuller (1980) and
Proctor (1977) in their studies of the response-
nonresponse of individuals given repeated oppor-
respond to a questionnaire. The

in the spirit of Deming (1953)

tunities to
analysis follows
and bears some methodological resemblance to the
and Simmons (1949, 1950) and
(1979). The concept of

sampling as given by Hajek (1957) is

work of Politz
Thomsen and Siring
Poisson
also appropriate in our development.

Suppose that the population is partitioned into
K categories based on the values of a discrete
random variable. Associated with each unit in
the kth category is a response probability q,¢
[0,1] which is the conditional probability that a
Those
units which have zero response probabilities are

handled

unit furnishes a response when sampied.

as foliows: a proportion 1-T of the

population is composed of hard core nonrespon-

dents who will never answer the survey. The

relative categorical composition of this group

must be assumed or estimated from other data,
and we shall that the

suppose in the seque!

relative categorical composition of the hard core
nonrespondents is the same as that of the rest
of the population.

Two potentially undesirable features of this
model are that: (1) the response probability is
required to be constant over a category, and (2)
the response probability is a function of the
unit's category only, and is thus not dependent
the

under which a

first

circumstances
The

on survey

response is solicited. assumption

seems to be necessary
of

but may be weakened if the categoriza-

in order to avoid any
parametric the

bilities,

modeling response proba-
tion is fine enough to admit only slight changes
in the response probabilities of units in a given

category. The second assumption can be largely
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efiminated by the
the

incorporation of parameters
which

or callback effects.

into model represent interviewer,

questionnaire, These pa-
rameters will not be used in the sequel, but an
approach in this area was made by Drew and
Fuller (1980) and Thomsen and Siring (1979).

The general survey situation requires a selec-
tion of wunits according

to a given sampling

design. If some of the units do not respond
when contacted, those units are recontacted in a
second call. After R calis, the number of

sampled units not responding to any call of the

survey is recorded. We give the appropriate

notation below for various sampling designs.

IT. SIMPLE RANDOM SAMPLING

Let a simple random sample of n units be

selected from a population of N units. Let n

rk
be the number of sampled units observed in the

th

kth category on the r call, and let Ny be the

number of sampled units unobserved after R

calls. Let fk be the proportion of units in the
kth category. Under the assumptions given
above, the data n = (n,H,..., NRK no) satisfy
a multinomial model with cell probabilities
n= ("11'--'/ U no), where:

T = T - qk)r-1 Qfp, r=1,2,..., R

k=1, 2,..., K,

and

X R
no=1-'r+'rz: (1-aq) f,
k=1
and we set
‘K-1
fe=1- Z: £
j=1
Thus, Tk is the probability that an individual
in category k will respond on call r, and Lo is
the probability that a sampled individual will not

th

have responded by the R~ call. :The associated

log likelihood differs by a constant from:



R K
log L =3, Y, n. log m  +n_ log n '
=1 kST

The solutions to the likelihood equations can be
verified to be

~ ~ ~

aly az)"') ak) fl""’ fK_l’ (2)

where

1 th

ak is the solution to the R™ degree poly-

nomial equation

R -1
> 'S

n(1-rg) = [1-(1-q%17! R , (1-qF,

r=1
3
N -1 K . R.-1
2) T=n " X [1-(1-§)717 0, (4
k=1 )
3 g =a T -a-a0N T e (s)
and

R
LD DI e
r=1

If the maximum likelihood estimates f1,..., f

K-1'
61,..., GK, T are in the interval (0,1), then
they are roots of the likelihood equations.

Otherwise the roots must be found numerically.
Using a result of Rao (1973, p. 361) it can be
demonstrated that (&1,... T)
7 fK:'II T)'
The estimated population proportions {fk} can

’ aK, f1l"‘l fK'1’
is consistent for (q1,..., Ak f1,...
be used to construct estimators of the means of
Let Y be the variable
, K be the

sample mean of Y for the respondents

variables in the survey.
of interest and let f/k, k=1, 2,...
in cate-
gory k computed using the responses from all
calls. Assume that the probability that an
individual responds to any given call is indepen-
dent of the Y-value of that Then
E<3—’klﬁ) = \Fk, the populaton mean of Y for units

in the k"

individual .
category. Consider the estimator of

the population mean of Y given by

2 i*_
Y = fy
k=1 KK

(6)

Observe that )-/k and ;'j are uncorrelated for
k #j.
bility n2,

Then, omitting terms of order in proba-

the asymptotic variance of Y is:
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2 K -1 -1 2

V@) = Z_j nCop T £8F YV(DY, )
k=1

where

2 1 & = .2
s, = (N - 1) }_: (Y, - 107

2=1

gl = (§17 §2,~ 3 §K)’

T - (1-qD%,

Py =
V(f) is the K x K covariance matrix of (f1,
f2""’ fK) and Nk is the number of population

units in the kt category. A consistent estimate

of V(Y) is given by

- e N T
V) = 2 a7 B £ sty VY, (8)
— k k °k T ¥
k=1
where,
A _ s~ R
pk - T[l (1 qk) ] ’
g” (91) ;’27 3 §K) 3
2 -1 ok - .2
s = (-1 E1 g - ¥ )7 ifmp #0
=0 s if no = 0 , and

’\\{(i) is the inverse of the estimated information
matrix of f.
It is of interest to note that under appropriate

limit assumptions for an infinite superpopulation,

~

Y is consistent for fixed K when R 2 2 and Y is

assumed to have finite second moments in the

superpopulation.
Consistency of Y can also be shown when K

is a fixed multiple of na, 0 <a <1, under

certain regularity conditions. The details are

given in Drew (1981).

1. STRATIFIED RANDOM SAMPLING

Suppose the population is partitioned into L

strata, the ,ch stratum being of relative size W,Q’
For each stratum, let



proportion of units in the kth

2k
category

proportion of units who are not
hard core nonrespondents.

Also suppose i is the response probability
of wunits in the kt
Note that

category, for all strata.

5
f.=1,2=1, 2,..., L.
= Tk

Let n, be the size of the sample selected in the

th

2 stratum, n be the number of units ob-

rk th
served in the kth category of the £ stratum on

the r‘th cell, and n

th

%0 be the number of units

selected in the £ stratum who are unobserved

after R calis. Then the likelihood is propor-

tional to

L K R 0 K nlo)
TT g ) 1T TT mett - ™ o flk:i [1 STyt Ty Z (1= gt fzk:, 5

2=1 k=1 r=1 pest
(9)

The terms involving {Wg} are constants, so the
estimators of the parameters have forms anal-

ogous to the simple random sampling case:

1) Zik is the solution to (10)

R
-1 _ o R,-1 ~ R
2n e m (7 = (10T g RAg 7,

(113

- -1 K R,-1
2) T, =n, kgl [1-(1-4,)7) n, , , and  (12)

A

_ -1 . ..~ Ry Z-1
3 fg =0y [1-Q-q )71 Ty ng

where
L R
Dok T Z; ek’ "ok T Z; Dork?
2=1 r=1
and

R
LI D DEE S
r=1

Observe that Gy is obtained by ignoring stratum
boundaries and applying the formula for Ay

given for simple random sampling.

An estimator for the mean of Y is obtained as
follows: let ;/,Qk be the sample mean of Y in the

th th

K category of the ¢ stratum computed using

the responses from all calls. Assume that the
probability that an individual responds on any
particular call is independent of the Y value of

the individual. An estimator of Y is

L K ~
str Yo 2 ok Ve (13)
=1 k=1

51 B
1

whose asymptotic variance is

L K .
)= 3D 5,07 VG Y VD) Y,

V(Y
ST 41 k=
(143
where V(yﬂk) is the variance of Yok
Y= W e, W W WY
\% is the population mean of units in the

2k th
Kkth category of the £ stratum,

~ ~ ~

Lstr = (yqr Fygreeor il and

~

V(f_,.) is the IK x IK covariance matrix of

istr"

An estimator of V(Ystr) is

<>

PO K ~ N PN
2 _ 2 - 2,
V(Ystr) B le kgl (w,Qlek) V(yﬂk) * Yw Y(Estr) w’

(15)

where

V(yﬂk) is the estimated sample variance of Yok

Voo = (WqYqqr WeYqgreoon WY Wiy
and

~ A

V(f. () is the inverse of the estimated infor-
mation matrix of f__ .
~str

V. STRATIFIED TWO STAGE SAMPLING,

We extend the analysis of the preceding

sections in two ways. First, suppose the popu-



tation of PSUs is stratified into | strata, of sizes
N‘I’ N2,.,., NI’ and a simpl'e random sample of
n PSUs is selected in the ith stratum, i = lr,‘
2,..., 1. Let the number of elements in the s
PSU of the ith stratum be Mis’ i=1,2,..., &
s =1, 2,..., Ni’ and suppose a simple random
elements is selected in this PSU.

sample of Mmoo

Second, suppose interest centers on the total

proportion A, of elements in the kth category,

K
pooled over PSUs and strata.

Let Xisrk be the number of elements observed

th -th

in the kth category of the s PSU of the i

th

stratum on the r be the number

PSU of the i
Let Xisk be

the number of units in the kth category of the

call. Let Xico
th

of selected elements in the s

stratum unobserved after R calls.

sampled portion of the sth PSU of the ith stratum,
and let X¥ be the total number of elements in
th oK th th
the k category of the s PSU of the i
stratum. For a given category k, the joint
distribution of
e X e F R Bk T KL
is multinomial with parameters X K and
T, T = @) g T - g g 1T - gRl.
The total likelihood is the product multinomial
K
ﬂ o et e T
k=1
tra R 701 = g 2R L - g™ g R Ly s - goft AT
(16)

the maximization of which
If,

is a problem in non-
linear programming.
that X”k,

then the maximum

however, we ignore the
k=1, 2,..., K be

likelihcod estimators

requirement
integers,
can be written in a form analogous to (3), (4)
and (5).

An estimator for \7, is given by

Lo, Ko )
oo N om Mg 3 % % Wik
=z _i=1 s=1 k=1
Ysep - n
I i K -
-1 -1 -1
Z n. N, z m, . E o, x.
Mt i & is Tis &= k is.k
(17)
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where Qisk is the sample mean of the Y-values in
+

the KD M psy of the it
stratum.

The wvariance of (17) can be written

categery of the s

more compactly as

I N K K
1
DTSN Xap Vigr) * L o V(Y = T 02
i=1 s=1 k=1 k=1
I Nl. K
-1 2 -l -1 -1 s s 2
DL N L G S TC N S D N AW SN
i=1 s=1 k=1
I N1 K
DI T omis Mt G- ey xr (- BF
i=1 s=1 k=1
(18)
where
Z. =Y. -Y M,
is is. is
and
Ni
= |
Z = N. Z,
i i is
s-1

A consistent
Eq. (18) is

estimator of the variance given in

e

1=1 §=1 i=1

a1y -2 nj
s R R B . .
E =) oM, {Z vt - Nph g - 7t 3y, - z; OF
s=1

I n K
i
-1 2 -1 -1 -1 y = = 2
+ E ni NL_E Mig (myg - M) - 1) E Mok Wigy = ¥ig)
1=1 s=1 k=1
I ny K N
.1 -1 Sl : : - o
* E BNy Z mis Mis (Toy) (= T Xbop (Fygy - Ysep)
1=1 s=1 k=1
where



Z. =Y, - . s
1s5. 1s sep 1s
n.
x -l 1 A~
207 Mg
s=1
isk = Mis "is "k Fis.k Yisk ’
and
Av': - -1 -1
isk = is is 'k is.k
V. EXAMPLE
A mail survey of households in five com-

munities of north central lowa was taken in 1975
to determine people's views of the community in
which they lived.

to

We use the variable "Age of

Respondent” partition the population into

and we wish to estimate the
of the of

seven categories,
variable "Number
in Community." An mailing was
made to 1,023 households. After two additional

of 787 units had responded.

population mean

Years initial
mailings, a total

These data were analyzed as a simple random

sample in Drew and Fuller (1980). The data
were actually collected as five independent
random samples from the towns of Clare,
Clarion, Lehigh, Pocahontas and Stanhope. We

treat the data as a stratified random sample of
Size charac-
in Table 1.

787 observations in five strata.

teristics of the strata are given

TABLE 1
STRATUM SIZES, WEIGHTS, SAMPLE SIZES,
NUMBER OBSERVED

STRATUM CLARE CLARION LEKIGH POCAHONTAS STANHOPE
Size 66 1130 270 823 183
weight 0.027 0.457 0.109 0.333 0.074
Sampie Size 59 330 187 300 147
Number Observed 42 268 Az 229 107

We first use model (9) to analyze the data.
Eg. (11), k=1,

, K are the same as for the simple random

From
2,...

the estimates of Sy
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sampling case considered in Drew and Fuller

(1980). These are:

N ( 0.376 0.518 0.464 0.462 0.627 0.594 0.313

g =

- (0.108) {0.065) (0.064) (0.046) (0.048) (0.057) (0.088)
where the estimated standard errors of the
estimates are given in parentheses. The esti-

mates and standard errors of T L=1,2,..., 5

2[
are
R (0.811 0.932 0.869 0.891 0.856 )
Y =
- (0.101) (0.034) (0.054) (0.040) (0.070)
The values of f,Qk’ 2=1, 2,..., 5 k=1,
2,..., 7 and their standard errors are given in

Table 2.

TABLE 2
ESTIMATES OF fgy, £2=1, 2,..., 5,
k=1,2,...,17 WITH ESTIMATED STANDARD
ERRORS IN PARENTHESES
AGE CLARE CLARION LEHIGH POCAHONTAS STANHOPE
15-24 0.027 0.009 0.098 0.064 0.073
{0.040) (0.022) (0.037) (0.019) (0.039)
25-34 0.188 0.102 0.104 0.169 0.125
(0.088) (0.016) (0.033) (0.024) (0.045)
35-44 0.198 0.154 0.225 0.150 0.141
(0.091) (0.021) (0.047) (0.024) (0.048)
45-54 0.219 0.180 0.148 0.161 0.150
(0.090) (0.020) (0.037) (0.022) (0.052)
55-64 0.132 0.192 0.195 0.138 0.143
(0.074) (0.020) (0.042) (0.021) (0.046)
65-74 0.112 0.143 0.112 0.124 0.145
(0.069) (0.018) (0.036) (0.020) (0.046)
75+ 0.124 0.130 0.118 0.194 0.223
(0.056) (0.023) (0.038) (0.031) (0.066)

The mean number of years in community is given
by stratum and category in Table 3. For the
data in Tables 1, 2 and 3, we have
Y ., =30.61
(0.98)
As one would expect, Y has a smaller

str
estimated standard error than the simple random

sampling estimator

1>

A

= 31.40
(1.14)

(6),

error is given by Egqg.

K
"

and whose estimated standard

(8).

of Y for a stratified sample is

given by Eq.

The usual estimator



L
> Wy, = 30.08
i VY (083

is the simple mean of the observations

in the 2 h

where vy
stratum. Note that $ is larger than
the usual estimator because of the estimated low
response probability of old people, but ¢ neces-
sarily has a larger standard error because of its
estimation of the response probabilities.

By letting Mis =1, for all PSUs, the strati-
fied two stage estimator (17) can be used here,

giving:

>

Yse = 30.61
P (0.90)

TABLE 3
MEAN NUMBER OF YEARS IN COMMUNITY BY
TOWN AND AGE CATEGORY, WITH
ESTIMATED STANDARD ERRORS IN PARENTHESES

AGE CLARE CLARION { LEHIGH POCAHONTAS STANHOPE
15-24 2.000 9.391 13.167 4.615 8.429
(0.000) (1.901) (2.744) (1.756) (2.635)
25-34 8.375 13.786 11.933 10.900 11.857
(3.295) (2.255) (3.200) (1.617) (2.820)
35-44 18.500 19.250 26.000 18.053 14.733
(5.435) (2.360) (2.124) (2.149) (2.766)
45-54 31.100 28.547 31.130 28.756 18.278
(6.575) (2.101) (4.022) (2.848) {3.273)
55-64 35.500 38.107 40.793 35.686 33.177
(9.447) (2.184) (3.594) (3.392) (4.947)
65-74 55.200 43.775 41.188 34.233 49.647
(8.924) (3.405) (5.043) (4.227) (3.381)
75+ 62.000 53.692 66.385 52.531 59.842
(10.033) (4.208) (4.805) (4.740) (5.471)
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