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ABSTRACT 

The ' c u s p '  model  o f  c a t a s t r o p h e  t h e o r y  i s  v e r y  
c l o s e l y  r e l a t e d  t o  c e r t a i n  m u l t i p a r a m e t e r  e x p o n -  
e n t i a l  f a m i l i e s  o f  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s .  
T h i s  r e l a t i o n s h i p  i s  e x p l o i t e d  t o  c r e a t e  an 
e s t i m a t i o n  t h e o r y  f o r  t he  c u s p  m o d e l .  An example  
i s  p r e s e n t e d  i n  w h i c h  the  i n d e p e n d e n t  v a r i a b l e  ha s  
a ' b i f u r c a t i o n '  e f f e c t  on t h e  d e p e n d e n t  v a r i a b l e .  

INTRODUCTION 

The ' e l e m e n t a r y '  c a t a s t r o p h e  m o d e l s  o f  Thom 
(1975)  and Zeeman (1977)  have  a t t r a c t e d  t he  
a t t e n t i o n  o f  r e s e a r c h e r s  and t h e o r i s t s  t h r o u g h o u t  
t he  s c i e n c e s .  A p e r s i s t e n t  p r o b l e m  w i t h  v i r t u a l l y  
a l l  p u b l i s h e d  a p p l i c a t i o n s ,  h o w e v e r ,  has  b e e n  t he  
a b s e n c e  o f  s t a t i s t i c a l  p r o c e d u r e s  f o r  d e t e c t i n g  
t he  p r e s e n c e  o f  a c a t a s t r o p h e  i n  any  g i v e n  b o d y  o f  
d a t a .  T h i s  l a c k  has  r e s u l t e d  i n  some s e v e r e  
c r i t i c i s m  of  c a t a s t r o p h e  m o d e l s  f o r  b e i n g ,  among 
o t h e r  t h i n g s ,  s p e c u l a t i v e  and u n v e r i f i a b l e  
(Sussmann  and Z a h l e r ,  1 9 7 8 ) .  Thus c a t a s t r o p h e  
m o d e l s  have  become a s s o c i a t e d  i n  many minds  w i t h  
r e c k l e s s  s p e c u l a t i o n  and i n t e l l e c t u a l  i r r e s p o n s i -  
b i l i t y .  As p a r t  o f  an e f f o r t  to  overcome t h i s  
p r o b l e m ,  t h i s  p a p e r  p r e s e n t s  an e s t i m a t i o n  t h e o r y  
and t h e  b e g i n n i n g s  o f  an i n f e r e n t i a l  t h e o r y ,  i n  a 
form u s e f u l  f o r  s u r v e y  r e s e a r c h  a p p l i c a t i o n s  o f  
c a t a s t r o p h e  m o d e l s .  

C a t a s t r o p h e  m o d e l s  come i n  b o t h  dynamic  and 
s t a t i c  f o r m s ,  t he  s t a t i c  fo rms  b e i n g  s i m p l y  the  
e q u i l i b r i a  ( s t a b l e  and u n s t a b l e )  o f  t h e  dynamic  
f o r m s .  The c a p a c i t y  f o r  m u l t i p l e  s t a b l e  
e q u i l i b r i a  i s  i n h e r e n t  i n  c a t a s t r o p h e  m o d e l s :  
t h i s  i s  t h e  p r i n c i p a l  f e a t u r e  w h i c h  d i s t i n g u i s h e s  
them f rom the  s t a n d a r d  m o d e l s  u s e d  i n  l i n e a r  and 
p o l y n o m i a l  r e g r e s s i o n .  I n  e f f e c t ,  t he  ' c o n t r o l '  
f a c t o r s  o f  a c a t a s t r o p h e  model  c o r r e s p o n d  to  t he  
i n d e p e n d e n t  v a r i a b l e s  o f  a s t a t i s t i c a l  m o d e l ,  and 
t he  ' b e h a v i o r a l '  v a r i a b l e  o f  a c a t a s t r o p h e  model  
c o r r e s p o n d s  t o  t he  d e p e n d e n t  v a r i a b l e  o f  a 
s t a t i s t i c a l  m o d e l .  When t he  c o n t r o l  f a c t o r s  a r e  
such  t h a t  t h e  b e h a v i o r a l  v a r i a b l e  i s  i n  a m u l t i -  
s t a b l e  s i t u a t i o n ,  t h e n  e a c h  s t a b l e  e q u i l i b r i u m  
v a l u e  i s  a p r e d i c t e d  v a l u e  o f  t he  b e h a v i o r a l  
v a r i a b l e  - t h u s  t h e r e  i s  more t h a n  one p r e d i c t e d  
v a l u e .  I n  a d d i t i o n ,  the  u n s t a b l e  e q u i l i b r i a  w h i c h  
s e p a r a t e  t he  s t a b l e  e q u i l i b r i a  a r e  a l s o  
p r e d i c t i o n s  o f  a s o r t "  t h e y  a r e  t he  v a l u e s  t h a t  
we p r e d i c t  t h e  b e h a v i o r a l  v a r i a b l e  w i l l  no__!t h a v e .  
T h i s  f e a t u r e  of c a t a s t r o p h e  m o d e l s  makes i t  
d i f f i c u l t  to  d e f i n e  the  s i z e  o f  an e r r o r  o f  
p r e d i c t i o n .  

The re  a r e  two ways o f  o v e r c o m i n g  t h i s  
d i f f i c u l t y .  Bo th  o f  t h e s e  ways have  emerged  f rom 
a s t u d y  o f  v a r i o u s  fo rms  o f  dynamic  s t o c h a s t i c  
c a t a s t r o p h e  m o d e l s  (Cobb,  1978 ,  1981 ,  and Cobb and 
Wa t son ,  1 9 8 1 ) .  One o f  t h e s e  i s  b a s e d  on t he  
method  o f  moments and i s  an e s t i m a t i o n  me thod  
o n l y ,  w h i l e  t he  o t h e r  i s  b a s e d  on maximum 
l i k e l i h o o d  e s t i m a t i o n  and p e r m i t s  h y p o t h e s i s  

t e s t i n g  w i t h  t he  use  .of t he  c h i - s q u a r e  a p p r o x -  
i m a t i o n  to  t h e  l i k e l i h o o d  r a t i o  t e s t .  The f o r m e r  
has  t h e  a d v a n t a g e  o f  c o m p u t a t i o n a l  s i m p l i c i t y ,  
w h i l e  t he  l a t t e r  i s  c l e a r l y  p r e f e r a b l e  when 
h y p o t h e s e s  must  be t e s t e d .  

THE CUSP MODEL 

The c a n o n i c a l  cusp  model  can  be t h o u g h t  o f  as a 
r a t h e r  p e c u l i a r  r e s p o n s e  s u r f a c e  m o d e l .  I t ' s  
shape  may be s e e n  i n  F i g u r e  1 on t h e  n e x t  p a g e .  
Note  t h a t  s e c t i o n s  t a k e n  t h r o u g h  t he  d e p i c t e d  
s u r f a c e  p a r a l l e l  to  t h e  a - a x i s  a r e  j u s t  c u b i c  
p o l y n o m i a l s  i n  y ,  t he  d e p e n d e n t  v a r i a b l e .  The 
e n t i r e  s u r f a c e  i s  d e f i n e d  by  t he  i m p l i c i t  e q u a t i o n  

O = a + ~(y-X)/a- {(y-X)/a]'. 

I f  we l e t  z = ( y - X ) / ~  be t he  ' s t a n d a r d i z e d '  
d e p e n d e n t  v a r i a b l e ,  t h e n  t h e  c u b i c  e q u a t i o n  i s  
s imp l y  

O = (I + ~z - z s . 

I t  may be s e e n  t h a t  X and o a r e  t h e  l o c a t i o n  and 
s c a l e  p a r a m e t e r s ,  r e s p e c t i v e l y .  The r o o t s  o f  t he  
c u b i c  p o l y n o m i a l  a r e  t he  p r e d i c t e d  v a l u e s  o f  z ,  
g i v e n  a and ~. When t h e r e  a r e  t h r e e  r o o t s ,  the  
c e n t r a l  r o o t  i s  an ' a n t i - p r e d i c t i o n * :  a 
p r e d i c t i o n  o f  where  t he  d e p e n d e n t  v a r i a b l e  w i l l  
n o t  b e .  T h i s  f e a t u r e  o f  t he  c u s p  model  i s  
c l a r i f i e d  i n  F i g u r e  2 ,  w h i c h  shows t he  s e q u e n c e  o f  
c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  f o r  y ,  
w i t h  a f i x e d  as  ~ i s  i n c r e a s e d .  T h i s  s e q u e n c e  
c o r r e s p o n d s  t o  t h e  t r a j e c t o r y  and i t s  p r o j e c t i o n  
t h a t  a r e  shown i n  F i g u r e  1 .  These  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n s  w i l l  be d i s c u s s e d  i n  a l a t e r  
s e c t i o n .  

The two d i m e n s i o n s  o f  t he  ' c o n t r o l '  s p a c e ,  a 
and ~, a r e  c a n o n i c a l  f a c t o r s  w h i c h  depend  upon 
t h e  a c t u a l  m e a s u r e d  i n d e p e n d e n t  v a r i a b l e s ,  s a y  
X1, . . . .  X . As a f i r s t  a p p r o x i m a t i o n ,  we may 
s u p p o s e  t h ] t  t h e  c o n t r o l  f a c t o r s  d e p e n d  l i n e a r l y  
upon t h e  i n d e p e n d e n t  v a r i a b l e s :  

a = a 0 + a lX 1 + . . .  + avXv, 

= ~0 + ~1X1 + " ' "  + ~ v i v "  

Thus t h e  s t a t i s t i c a l  e s t i m a t i o n  p r o b l e m  i s  t o  f i n d  
e s t i m a t e s  f o r  t he  2v+4 p a r a m e t e r s  

{X,~,a 0 ..... av,~ 0 ..... ~v } , 

f rom n o b s e r v a t i o n s  o f  t he  v + l  v a r i a b l e s  

{Y, x I . . . . .  Xv }" 

As ~ c h a n g e s  f rom n e g a t i v e  to  p o s i t i v e ,  t he  
c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  y 
c h a n g e s  i n  shape  f rom u n i m o d a l  to  b i m o d a l .  F o r  
t h i s  r e a s o n  t h e  ~ f a c t o r  w i l l  be c a l l e d  t he  
b i f u r c a t i o n  f a c t o r  ( i t  ha s  a l s o  b e e n  c a l l e d  t he  
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F i g u r e  1: The cusp c a t a s t r o p h e  mode l .  

F i g u r e  2: The cusp  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  
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' s p l i t t i n g '  f a c t o r ,  by Zeeman and o t h e r s ) .  When 
a i s  z e r o  t he  pd f  i s  s y m m e t r i c a l  no m a t t e r  what  
the  v a l u e  o f  ~. When the  pd f  i s  u n i m o d a l ,  a 
d e t e r m i n e s  i t s  skew: a p o s i t i v e  i m p l i e s  p o s i t i v e  
skew and v i c e  v e r s a .  However ,  when the  pd f  i s  
b i m o d a l ,  t h e n  a d e t e r m i n e s  the  r e l a t i v e  h e i g h t  o f  
the  two modes :  a p o s i t i v e  i m p l i e s  t h a t  t h e  
r i g h t - h a n d  mode i s  h i g h e r ,  and v i c e  v e r s a .  To 
encompass  t h e s e  a t t r i b u t e s ,  a w i l l  be c a l l e d  t he  
a s y m m e t r y  f a c t o r  ( i t  has  a l s o  b e e n  c a l l e d  t he  
' n o r m a l '  f a c t o r ,  a r a t h e r  m i s l e a d i n g  t e r m ) .  

Because  t he  model  i s  b a s e d  on a c u b i c ,  i t  i s  
p o s s i b l e  to  d e f i n e  a s t a t i s t i c  wh ich  d i s c r i m i n a t e s  
b e t w e e n  t h e  u n i m o d a l  and b i m o d a l  c a s e s .  T h i s  i s  
C a r d a n ' s  d i s c r i m i n a n t :  

6 = (a/2) 2 - (~/3) 3. 

When 6 i s  n e g a t i v e  the  pd f  i s  u n i m o d a l ,  and when 
i t  i s  p o s i t i v e  the  p d f  i s  b i m o d a l .  

STATISTICAL THEORY 

The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  upon wh ich  a l l  
o f  the  p r e c e d i n g  d e s c r i p t i v e  s t a t i s t i c s  w e r e  b a s e d  
i s  t he  s t a n d a r d  4 - p a r a m e t e r  cusp  p d f :  

f ( y )  = ~ e x p ( a z  + ~zZ/2  - z 4 / 4 ) ,  

in which z = (y-~)/~. 

The c o n s t a n t  ~ m e r e l y  n o r m a l i z e s  t he  p d f  so t h a t  
i t  has  u n i t  i n t e g r a l  ove r  i t s  r a n g e ,  which  i s  t he  
whole  r e a l  l i n e .  The modes and a n t i m o d e s  o f  t he  
cusp  p d f  may be found  by s o l v i n g  d f / d y  = 0 .  T h i s  
y i e l d s  t he  e q u a t i o n  

a + ~z - z' = O, 

which  i s  e x a c t l y  the  same as the  i m p l i c i t  e q u a t i o n  
wh ich  d e f i n e d  t he  cusp  s u r f a c e .  The modes o f  the  
cusp  p d f  a r e  the  p r e d i c t e d  v a l u e s  o f  the  cusp  
mode l ,  and t he  a n t i m o d e s  o f  the  cusp  p d f  a r e  the  
' a n t i - p r e d i c t i o n s '  o f  t he  cusp  m o d e l .  The 
d e r i v a t i o n  o f  the  cusp  pdf  f rom s t o c h a s t i c  
c a t a s t r o p h e  t h e o r y ,  u s i n g  s t o c h a s t i c  d i f f e r e n t i a l  
e q u a t i o n s ,  may be found  i n  (Cobb and W a t s o n ,  
1 9 8 1 ) .  The s t a t i s t i c a l  t h e o r y  was f i r s t  p r e s e n t e d  
in  r u d i m e n t a r y  form in  (Cobb, 1 9 7 8 ) .  

The s t a n d a r d  cusp  pd f  can c l e a r l y  be r e p a r a -  
m e t r i z e d  so t h a t  i t  i s  a c a n o n i c a l  e x p o n e n t i a l  
f a m i l y ,  as i n :  

f ( y )  = exp ( -~+~ lY+~2y2+~3ya+~4  y 4 ) .  

Now the  w e l l - d e v e l o p e d  t h e o r y  ( e . g .  Lehmann, 1959) 
o f  e x p o n e n t i a l  f a m i l i e s  can be a p p l i e d :  we know 
t h a t  maximum l i k e l i h o o d  e s t i m a t o r s  (MLE's)  e x i s t ,  
a r e  u n i q u e ,  and can be f o u n d ,  f o r  example  by  a 
Newton-Raphson  s e a r c h .  T h i s  s e a r c h  p r o c e d u r e  
p r o c e e d s  as  f o l l o w s .  L e t  • s t a n d  f o r  the  v e c t o r  
of  p a r a m e t e r s  

"~ = ('~i . . . . .  ~4 ) ' 

l e t  S be the  v e c t o r  o f  sample  means d e f i n e d  by  

= ( l / n ) ~ n  k 
S k i = l Y i  , f o r  k = 1 , 2 , 3 , 4 ,  L 

l e t  M(~) be t he  v e c t o r  o f  e x p e c t a t i o n s  o f  f ( y )  
g i v e n  • d e f i n e d  by  

Mk(~) = E [ y k ] ,  f o r  k = 1 , 2 , 3 , 4 ,  

and l e t  H(~) be t he  4x4 m a t r i x  o f  c o v a r i a n c e s  
g i v e n  ~ d e f i n e d  by  

H . . ( ~ )  - C o v [ Y i  y j ] ,  xj 

f o r  i , j = 1 , 2 , 3 , 4 .  The Newton -Raphson  s e a r c h  i s  an 
i t e r a t i v e  p r o c e d u r e  wh ich  s t a r t s  f rom an i n i t i a l  
g u e s s  f o r  ~,  s ay  t .  Each g u e s s  i s  improved  by  
a d d i n g  to  i t  t he  q u a n t i t y  

-1  
[ S - M ( t )  ] [ H ( t )  ] . 

T h i s  c a l c u l a t i o n  i s  p e r f o r m e d  r e p e t i t i v e l y  u n t i l  
S = M ( t ) ,  w i t h i n  t he  l i m i t s  o f  c o m p u t a t i o n a l  
a c c u r a c y .  

I t  s h o u l d  be n o t e d  t h a t  a f t e r  e a c h  i t e r a t i o n  
t he  v e c t o r  M(t)  and the  m a t r i x  H ( t )  must  be 
r e c a l c u l a t e d .  These  moments must  be found  by  
n u m e r i c a l  i n t e g r a t i o n ,  s i n c e  c l o s e d  form e x p r e s -  
s i o n s  f o r  the  moments o f  the  cusp  p d f  a r e  n o t  
known. 

The p r e c e d i n g  d i s c u s s i o n  a p p l i e s  to  the  
e s t i m a t i o n  o f  the  f o u r  p a r a m e t e r s  o f  the  cusp  p d f ,  
g i v e n  o b s e r v a t i o n s  o f  the  v a r i a b l e  Y. I f ,  
h o w e v e r ,  t he  cusp  pd f  i s  t o  be u s e d  as t he  
c o n d i t i o n a l  d e n s i t y  o f  Y, g i v e n  the  v a l u e s  o f  t he  
i n d e p e n d e n t  v a r i a b l e s ,  t h e n  t he  maximum l i k e l i h o o d  
p r o c e d u r e  becomes more c o m p l i c a t e d .  I f  we use  the  
p r e v i o u s l y  s t a t e d  a s s u m p t i o n  t h a t  t he  f a c t o r s  a 
and ~ a r e  l i n e a r  c o m b i n a t i o n s  o f  the  i n d e p e n d e n t  
v a r i a b l e s ,  t h e n  t he  e x t e n s i o n  o f  the  Newton -Raph-  
son t e c h n i q u e  i s  s t r a i g h t f o r w a r d .  The re  a r e  now 
2v+4 p a r a m e t e r s  t o  be e s t i m a t e d ,  and t he  m a t r i x  
H ( t )  becomes ( 2 v + 4 ) x ( 2 v + 4 )  d i m e n s i o n a l .  The 
p r o b l e m  i s  t h a t  c a l c u l a t i n g  the  e l e m e n t s  o f  H ( t )  
and M(t)  now becomes a l m o s t  p r o h i b i t i v e l y  t e d i o u s ,  
e s p e c i a l l y  f o r  l a r g e  d a t a  s e t s ,  s i n c e  t he  c o m p u t a -  
t i o n  t ime  i s  now p r o p o r t i o n a l  to  t he  sample  s i z e .  

We now p r o c e e d  to  e s t i m a t i o n  by  the  method  o f  
moments .  I t  w i l l  be s een  t h a t  t h i s  m e t h o d ,  i n  
s h a r p  c o n t r a s t  to  the  method  o f  maximum 
l i k e l i h o o d ,  i s  e x t r e m e l y  e a s y  to  i m p l e m e n t .  As 
n o t e d  b e f o r e ,  i t  does  n o t ,  u n f o r t u n a t e l y ,  p e r m i t  
h y p o t h e s i s  t e s t i n g .  

Even t h o u g h  c l o s e d - f o r m  e x p r e s s i o n s  f o r  the  
moments o f  the  cusp  pd f  do n o t  e x i s t ,  moment 
e s t i m a t o r s  a r e  t r i v i a l  to  d e r i v e  w i t h  the  a i d  o f  
the  f o l l o w i n g  g e n e r a l  t h e o r e m :  

Theorem:  L e t  g ( x , y )  be a p o l y n o m i a l  f u n c t i o n  
o f  x and y such  t h a t  

0 < f _ + : e x p { - f g ( x , y ) d y J  < ~. 

L e t  ~ be the  r e c i p r o c a l  o f  t h i s  q u a n t i t y .  D e f i n e  
the  c o n d i t i o n a l  d e n s i t y  o f  a r a n d o m  v a r i a b l e  Y 
g i v e n  X as 

f(y[x) = ~ e x p { - f g ( x , y ) d y } .  

Assume t h a t  t h e  j o i n t  d e n s i t y  o f  X and Y has  
moments o f  a l l  o r d e r s ,  and l e t  h ( x )  d e n o t e  the  
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d e n s i t y  o f  X. Then f o r  any  n o n - n e g a t i v e  j and k 

E [ x J y k g  (X, Y) ] = kE[XJY k - l ] .  

P r o o f :  Note  t h a t  f ( y ] x )  i s  a s y m p t o t i c a l l y  
z e r o  as  y t e n d s  t o  e i t h e r  + or  -co. S i n ~ e  g ( x i y )  
i s  a p o l y n o m i a l ,  we a l s o  h a v e  t h a t  y f ( y [ x  
t e n d s  t o  z e r o  i n  t h e  same way .  F u r t h e r ,  we can  
w r i t e  g ( x , y )  as  

g ( x , y )  = -{Of(ylx) /By}/f (ylx) .  

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  t h e  moment f o r -  
mu la ,  we o b t a i n  

E [XJ ykg (X, Y) ] = f f x J  ykg (x ,  y) f ( y [ x )  h ( x )  dydx 

= f f x J y k { - 0 f ( y [ x )  } h ( x ) d x  

= fxJh(x ) { - fykOf (y lx ) }dx .  

Now u s e  i n t e g r a t i o n  by  p a r t s  on t h e  i n n e r  
i n t e g r a l ,  and o b s e r v e  t h a t  one o f  t h e  p a r t s  i s  
i d e n t i c a l l y  z e r o :  

- f y % f ( y l x )  - - y ~ ( y l ~ ) I  ~ 
- - c o  

+ k f y k - l f  (y  [x) dy 

= 0 + k f y k - l f ( y [ x ) d y .  

Thus we now have  

E [ x J y k g ( x , Y )  ] = f x J h ( x ) k f y k - l f ( y [ x ) d y d x  

= k f f x J  y k - l f  (y  [ x) h ( x )  dydx 

= kE[X j Y k - 1 ] .  

T h i s  t h e o r e m  e n a b l e s  t h e  me thod  o f  moments t o  
be a p p l i e d  t o  m o d e l s  t h a t ,  l i k e  t h e  e l e m e n t a r y  
c a t a s t r o p h e s ,  a r e  e x p r e s s e d  as  i m p l i c i t  e q u a t i o n s .  
B e f o r e  e x a m i n i n g  t h e  c u s p  m o d e l ,  i t  may be w o r t h -  
w h i l e  to  show how i t  can  be a p p l i e d  t o  o r d i n a r y  
l i n e a r  r e g r e s s i o n .  The l i n e a r  r e g r e s s i o n  model  

y =  a + b x + ~  

can  be w r i t t e n  i n  i m p l i c i t  e q u a t i o n  form as 

g ( x , y )  = ( y -  a -  b x ) / o  2 = 0 ,  

where  0.2 w i l l  t u r n  o u t  t o  be t h e  v a r i a n c e  o f  ~. 
The c o n d i t i o n a l  p d f  o f  y g i v e n  x i s  

f ( y l x )  = ~ e x p [ - ( y 2 / 2 - a y - b x y ) 1 0 .  2] 

= ~exp [ -{y--  (a+bx)  } 2/20.2 ] . 

T h i s  i s  c l e a r l y  a n o r m a l  d e n s i t y ,  N [ a + b x , 0 . 2 ] .  
(To o b t a i n  t h i s  f o r m u l a ,  c o m p l e t e  t h e  s q u a r e  and 
a b s o r b  t h e  t e r m s  i n  x i n t o  5,  t he  n o r m a l i z i n g  
c o n s t a n t ) .  

To f i n d  e s t i m a t i o n  e q u a t i o n s  f o r  a and b ,  u se  
t h e  t h e o r e m  t w i c e ,  f i r s t  w i t h  j=k=0  and s e c o n d  
w i t h  j = l  and k=O: 

1) E [ g ( X , Y ) ]  = 0 

==> a + bE[X] = E [Y] ,  

2) E [Xg(X,Y) ]  = 0 

==> aE[X] + .bE[X 2] = E[XY].  

N o t i c e  t h a t  when sample  moments a r e  s u b s t i t u t e d  
f o r  t h e s e  e x p e c t a t i o n s ,  we o b t a i n  t h e  u s u a l  
G a u s s - M a r k o v  n o r m a l  e q u a t i o n s  for l i n e a r  
r e g r e s s i o n .  To e s t i m a t e  0.z, use  the  t h e o r e m  
a g a i n ,  t h i s  t ime  w i t h  j = 0  and k = l :  

3) E [ Y g ( x , Y ) ]  = E[Y °] = 1 

==> E[Y 2] - aE[Y] - bE[XY] = 0 .2 , 

w h i c h  i s  t h e  c o r r e c t  f o r m u l a  f o r  t h e  r e s i d u a l  
v a r i a n c e  of  Y a f t e r  t he  l ~ n e a r  e f f e c t  o f  X has  
b e e n  r emoved  by  l i n e a r  r e g r e s s i o n .  

T u r n i n g  now to  t h e  c u s p  m o d e l ,  l e t  us  c o n s i d e r  
f i r s t  t h e  model  w i t h  no i n d e p e n d e n t  v a r i a b l e s :  

g ( y )  = a + by  + cy  2 + dy 3, ( d > 0 ) .  

T h i s  model  has  a p d f  g i v e n  by  

f ( y )  = ~ e x p { a y + b y Z / 2 + c y  3 / 3 + d y  4 / 4 ] ,  

w h i c h  ha s  modes and a n t i m o d e s  a t  t h e  r o o t s  o f  
g ( y )  = 0 .  The t r a n s f o r m a t i o n  f rom ( a , b , c , d )  t o  
t h e  s t a n d a r d  c o e f f i c i e n t s  i s  a c c o m p l i s h e d  by  

- 1 1 4  
~. = - c l 3 d ,  ~ = d 

a = -0 . (a+bZ+ck2+d~ 3 ) ,  and 
= -0.2 (b+c~.) . 

E s t i m a t i o n  o f  ( a , b , c , d )  f rom t h e  moments o f  Y 
p r o c # e d s  f rom an a p p l i c a t i o n  o f  t h e  t h e o r e m .  L e t  

~k = E[Ykl " 

From a s i n g l e  a p p l i c a t i o n  o f  t h e  t h e o r e m  we can  
d e r i v e  a l i n e a r  d i f f e r e n c e  e q u a t i o n  ( w i t h  one 
v a r y i n g  c o e f f i c i e n t )  f o r  t h e  moments o f  Y: 

E [ y k g ( y ) ]  = kE[Y k - l ]  

==> klak_ 1 = attk+b~tk+ l+c t tk+ 2+dgk+ 3 • 

S i m p l y  a p p l y  t h i s  r e s u l t  w i t h  k = 0 , 1 , 2 , 3  to  o b t a i n  
a s y s t e m  of  f o u r  l i n e a r  e q u a t i o n s  i n  t h e  f o u r  
Unknowns ( a , b , c , d ) .  S u b s t i t u t e  sample  moments f o r  
t h e  e x p e c t a t i o n s  and s o l v e  t h e  s y s t e m .  T r a n s f o r m  
t h e  r e s u l t i n g  e s t i m a t e s  as  i n d i c a t e d  t o  o b t a i n  
( ~., 0. , a, fJ ) . 

I t  i s  t r i v i a l  t o  expand  t h i s  t e c h n i q u e  f o r  
m o d e l s  w i t h  i n d e p e n d e n t ,  v a r i a b l e s .  F o r  e x a m p l e ,  
s u p p o s e  t h e r e  i s  one i n d e p e n d e n t  v a r i a b l e ,  s a y  X. 
Then t h e  model  i s  

g ( x , y )  = b l+b2x+b3Y+b4xy+b5YZ+b6 y3 . 

The s t a n d a r d  c o e f f i c i e n t s  a r e  o b t a i n e d  f rom 

= - b 5 / 3 b  6,  o = b 
-114 

6 

a 0 - -0.(b1463k+b5), .2.+b6~S),  
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a I = -~(b2+b4~), 

~0 = -crz (b3+b5k) ' 

~1 = - ~ b 4 "  

E s t i m a t i o n  of t he  c o e f f i c i e n t s  from moments 
p r o c e e d s  as b e f o r e .  Apply  the  t heo rem s i x  t i m e s ,  
w i t h  j=0  and k = 0 , 1 , 2 , 3 ,  and t h e n  w i t h  j = l  and 
k = 0 , 1 .  So lve  the  r e s u l t i n g  s y s t e m  and t r a n s f o r m  
to  g e t  t he  s t a n d a r d  c o e f f i c i e n t s .  
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AN EXAMPLE 

An e x c e l l e n t  example  of  p u b l i s h e d  e m p i r i c a l  
d a t a  wh ich  seem~ to  e x h i b i t  a b i f u r c a t i o n  i n  t he  
d e p e n d e n t  v a r i a b l e  has  b e e n  q u o t e d  by  Zeeman 
(1977,  pp.  3 7 3 - 3 8 5 ) .  The d a t a  come from a s t u d y  
of  d r i v i n g  p e r f o r m a n c e  b e f o r e  and a f t e r  t he  
i n g e s t i o n  of  a l c o h o l  (Drew, Colquhoun ,  and Long,  
1 9 5 9 ) .  E s s e n t i a l l y ,  the  a u t h o r s  found  t h a t  t he  
change i n  t ime  p e r  l a p  ( i . e .  d r i v i n g  spe ed )  was 
s t r o n g l y  a f f e c t e d  by  the  p o s i t i o n  of  t he  s u b j e c t s  
on the  B e r n r e u t e r  s c a l e  o f  i n t r o v e r s i o n .  However,  
t he  e f f e c t  was no t  l i n e a r :  t he  c o r r e l a t i o n  
b e t w e e n  change  i n  l a p  t ime and i n t r o v e r s i o n  was 
.005 or  e f f e c t i v e l y  z e r o .  However,  as i s  v i s i b l e  
from F i g u r e  3,  i t  i s  c l e a r  t h a t  w h e r e a s  e x t r o v e r t s  
c o n t i n u t e d  to  d r i v e  a t  abou t  the  same speed  a f t e r  
d r i n k i n g ,  the  i n t r o v e r t s  e i t h e r  d r o v e  f a s t e r  or  
s l o w e r ,  and d i d n o t  s t a y  a t  t he  same s p e e d .  

These d a t a  were r e p r o d u c e d  as a f i g u r e  i n  
(Zeeman, 1977,  F i g .  1 ) ,  from which  a p p r o x i m a t e  
d a t a  were r e c o v e r e d  by d i g i t i z a t i o n .  F o l l o w i n g  
Zeeman, t h r e e  c a s e s  were e l i m i n a t e d  as e x t r eme  
o u t l i e r s ,  l e a v i n g  the  37 c a s e s  s e e n  i n  F i g u r e  3.  
The s i x  p a r a m e t e r  cusp  model w i t h  one i n d e p e n d e n t  
v a r i a b l e  was f i t t e d  to  the  d a t a  u s i n g  to  method of  
moments as g i v e n  above ,  and " t he  r e s u l t i n g  
r e l a t i o n s h i p  b e t w e e n  change i n  d r i v i n g  speed  a f t e r  
a l c o h o l  ( t h e  d e p e n d e n t  v a r i a b l e )  and i n t r o v e r s i o n  
( t h e  i n d e p e n d e n t  v a r i a b l e )  i s  shown. The d a s h e d  
l i n e  i n d i c a t e s  v a l u e s  t h a t  a r e  p r e d i c t e d  no__~t to 
OCCUr. 
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F i g u r e  3: A b i f u r c a t i o n  model f i t t e d  to  d a t a .  
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