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I. Research Objectives 

The purpose of this study is to compare the 
cost efficiencies of a two-frame sample design and 
a single-frame design to estimate minority voting 
and registration rates. Data from the 1976 Regis- 
tration and Voting Survey (RAV) and an independent 
sample from l is ts  of registered persons were used 
to estimate population parameters (cost and per 
unit variances, covariances and level) in 8 ju r is -  
dictions. The f i r s t  phase of the research which 
was presented in the Survey Research Methods Sec- 
tion of the 1978 ASA meetings (7) described the 
methodology and some of the preliminary results 
with respect to the two-frame design. 

The analysis in the f i r s t  phase referred to as 
the two-frame design was conducted without consid- 
ering optimum sample size allocations and optimum 
weights for the multiple-frame estimator. In this 
portion of the research, we consider five models, 
denoted A through E, in order to compare several 
two-frame and single-frame approaches. 

The methodologies used for comparison were dic- 
tated by the avai labi l i ty  of population parameters 
that could easily be estimated. Other methodolo- 
gies were available for comparison but such alter- 
natives would have required the calculation of 
parameters that were not immediately available. 

I I .  Model Specif icat ions 

In order to evaluate the cost e f f ic iency of 
d i f fe ren t  survey designs that could have been used 
in the Registrat ion and Voting Survey, f ive models 
denoted A through E were studied in estimating the 
record-checked minor i ty  voting or reg is t ra t ion  
rate in each j u r i s d i c t i o n .  The record-checked 
voting and reg is t ra t ion  character is t ic  was ob- 
tained by ver i fy ing the voting and reg is t ra t ion  
status of each individual in the sample versus the 
county reg is t ra t ion  and voting l i s t s .  Households 
had to be interviewed so that responses could be 
c lass i f ied by minor i ty .  
Models A & B: Models A & B use the same two- 
frame sampl'e design but di f fer in their assump- 
tions about the completeness of frame II defined 
below. One frame denoted frame I is presumed to 
cover the entire target population of persons el- 
igible to register and consists of four mutually 
exclusive strata. One stratum (HH) consisted of 
single unit dwellings selected from tne 1970 Cen- 
sus tapes. The second (GQ) consisted of group 
quarters (clusters of approximately 3 l iving 
quarters) also selected from the tapes. The 
third stratum (NC) consisted of clusters of ap- 
proximately four l iving quarters selected from 
building permits issued since 1970. The fourth 
stratum (AREA) consisted of area segments of ap- 
proximately four households per segment. A 
strat i f ied simple random sample was drawn from 
frame I. The other frame, denoted frame I I, was 
the county registration l i s t  of persons. From 

I_I Excerpted from "Report on the Registration and 
Voting Survey Two-Frame Approach," internal 
document, Bureau of the Census (8). 

frame II a sample of persons was selected. The 
manner in which persons were selected from the 
registration l i s t  varied among the counties. In 
Honolulu County, a two-stage strat i f ied design was 
used in which election precincts, st rat i f ied by 
minority concentration; were used as the f i r s t  
stage units. A sample of persons was then select- 
ed by a simple random sample (SRS) within the se- 
lected precincts. In the remaining counties, e- 
lection precincts were strat i f ied by minority con- 
centration and a SRS of persons was selected over 
all precincts within each stratum. Clearly, frame 
II is a subset of the target population. 

In models A and B, all persons in selected 
households from frame I were record-checked. 
While a sample of persons was selected from frame 
II the estimator used over frame II ut i l ized the 
household as the reporting unit after weighting 
the responses inversely by the number of persons 
in the household whose current name and address 
were on the registration l i s t .  Sample households 
containing at least one individual that was found 
on the registration l i s t  with the same name and 
address as reported on the survey questionnaire 
were termed l inkable. Persons sampled from frame 
I I that were not found at the address provided on 
the registration l i s t  were denoted as sample 
persons moved (SPM) and the household data were 
not used in subsequent estimation procedures. 

A 

Let Y1 denote the estimator of total voting 

over the linkable households in frame II and Y2 

and Y3 denote the estimators of the total voting 

over the linkable and nonlinkable households re- 
spectively in frame I. 

Let Z I, Z 2 and Z 3 represent estimators com- 

parable to YI' Y2 and Y3 except that they refer to 

the number of citizens 18 or over. 
The estimator of the voting rate P for models 

A and B by county and by minority group is as 
fol lows : 

~ YI+ (1-~) Y2 + Y3 
" _ _ ~  . . . .  ~ - 

Z I + (1-8) Z2 + ~3 
where 0 < m < 1 , 0 < B < 1 remain to be optimally 
chosen. 

The population parameters relating to frame II 
include the effect of the SPM's under model A but 
the effect of the SPM's is removed under model B. 
That is, under model B, an up-to-date registration 
l i s t  is assumed which contains registrants with 
their current name and address. 
Model C: Under this model a single-frame, frame 
~ e d  from which a strat i f ied random sample 
of households (hh's) is selected and surveyed so 
as to obtain voting and registration information 
as well as minority status. The sample of house- 
holds is then strat i f ied by minority designation 
of head of household within the original strata 
and a simple random subsample of households with- 
in each stratum 'is selected and record-checked. 
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Although a l ternat ive estimators could have been 
invest igated, cost and time constraini~s confined ~ 
us to the fol lowing estimator of P for• Model C" 

A 

= y c IV-}) 
C Z 

where 
^ N 

y , y are the estimated voting to ta ls  of the 
designated minor i ty  from the subsample using the•• 
record-checked and the reported data respect ively;  

Y , Z are the estimated to ta ls  of the desig- 
nated minor i ty  from the i n i t i a l  sample of the re- 
ported data for  the voting (Y) and the e l i g i b l e  
to reg is ter  (Z) character is t ics  respect ively.  
Model D" Model D assumes the same overal l  survey 
design ..... as Model C except that no subsampling is 

A 

conducted.^ The estimator of P is (Y2•+ Y3)/ 

(Z 2 + Z3), which is a special case of Model A 

where ~=0, and 8=0. The estimator is wr i t ten i n  
A A 

terms of Y2 and Y3 but i t  should be understood 

that unl ike Models A and B, no separation by 
l i n k a b i l i t y  status is necessary for estimation in 
Model D. 
Model E- Model E d i f fe rs  from Model D only in 
that no record-checking of the survey responses 
is conducted. In th is case the bias of using re- 
ported rather than record-checked data is assumed 
to not adversely increase the mean square error ' 
However, examination of the data indicated that 
the square 0f the estimated bias exceeded the 
variance constraints and hence Model E was ex- 
cluded from fur ther  analysis. 

I I I .  Model Comparisons Procedure 

Since a cost e f f i c iency  c r i t e r ion  was used in 
the model comparisons, our object ive was to f ind 
the cptimum cost for  each model under the same 
(speci f ied) coef f ic ients  of var iat ion (C.V.). We 
begin with a discussion of the optimizat ion for  a 
single charac ter is t ic  (say voting for  the Black 
minor i t y ) ,  and la ter  consider the opt imizat ion 
for  mul t ip le  character is t ics  (voting and regis- 
t ra t ion  for  each of the minor i t ies of i n t e r e s t ) .  
In Model A, the estimator of P is a ra t io  of 
weighted estimators; 

= (~ YI + (Z-s) Y2 + Y3 ) / (8 ZI + (Z-B) Z2+Z3 ), 
where the weights for  the numerator (~,0 < ~ < I)  
and the denominator (8,0 < B < I )  are detTrmin'ed 
so as to minimize the cost subject to a f ixed 
(C.V.) constra int .  A typical  cost function for  
Model A is C = Cll + Cl; where Cll is the to ta l  

sample cost from the reg is t ra t ion  l i s t  frame 
(Cll  = Z CLi n ) and C I is the to ta l  sample cost 

i L i  

from the household frame (C I = % CHi nHi). The 
• i A 

variance of P can be expressed as 
r )  

^ I N~i nLi 2 
V(P) = (.E7).2: {7i ----nLi (1 - LIT~-Ti j SLi (~'~) 

+ Z - - - -  N~i (1 ----nHi~ S~i (~,8)} 
i nHi NHi ' 

where the f i r s t  term is the variance from the 
sample selected from frame II and the second term 
is the variance from tne sample selected from 
frame I. Note that the stratum variance from 
either frame is a convex function of ~,8. The 
usual Neyman allocation gives the optimum stratum 
sample size. According to Neyman allocation, the 
optimum sample sizes and costs for each given ~,8 
(e = 0.0(0.1)I , 8 = O.O(O.1)l)were computed using 
the estimated population parameters from the 1976 
RAV Survey. The optimum (~*,8") were selected to 
minimize cost over a l l  ( ~ , 8 ) .  Since Model D is a 
special case of Model A where ~=0, 8=0, Model A 
possesses the minimum cost between Models A and D 
i f  the optimum ~ and 8 d i f f e r  from 0 or 1. 

For Model B, the procedure to obta in the op t i -  
mum weights (~,8) and sample sizes is the same as 
Model A, except that the estimated parameters 
(cost and per un i t  variances and covariances) were 
adjusted to re f l ec t  a reg is t ra t ion  l i s t  with no 
SPM. Recall that Model C assumes the use of a 
double sampling plan with a di f ference estimator. 
0nly a subsample of households is record-checked. 
A Neyman al locat ion of the sample sizes was de- • 
r i ved  for  Model C. 

Seven specif ied variance constraints were cho- 
A 

sen for  the analysis with C.V.'s for  P specif ied 
t o b e  from 0.04 to 0.1 with increments of 0.01. 
This enabled the comparison of the optimum costs 
under each model for  several variance constraints.  
In the analysis of Model A the rather large pro- 
port ions of sample persons moved (SPM) in the 
reg is t ra t ion  l i s t s  are retained. Hence, the cost 
per HH of the reg is t ra t ion  l i s t  frame, the var- 
iance and population size parameters from the 
reg is t ra t ion  l i s t  sample d i f f e r  from those used 
in the analysis of Model B which simulates a s i t -  
uat ion in which there were no SPM's in the regis-  
t ra t ion  l i s t .  In computing the optimum al loca- 
t ions for  a l l  of the models, a res t r i c t i on  that 
the allocated stratum sample size (nj)  not exceed 

the population stratum size (N i)  was imposed. 

Hence, i f  nj > Nj we set nj = Nj, and repeat  the 

minimization :process omit t ing the previously men- 
tioned stratum j ,  

The resul t ing optimum sampling costs for  each 
model and each single charac ter is t ic  (the spec- 
i f i ed  minor i ty  voting or r eg i s t r a t i on )  were ob- 
tained for  a l l  8 counties. Since the optimum 
cost was quite d i f fe ren t  for  each of the several 
character is t ics ,  the overal l  analysis of the model 
comparisons cannot be completed without a fur ther  
choice of c r i t e r i on .  For example, we could e i ther  
select a primary character is t ic  (say voting of the 
smallest minor i ty  in the county) or t reat  the en- 
t i r e  problem as a mul t ip le  charac ter is t ic  opt imi-  
zation. Since both minor i ty  voting and reg is t ra -  
t ion are of major i n t e r e s t ,  and since in most 
counties, there are more than one minor i ty  of in- 
terest ,  the l a t t e r  approach was used for  the 
overal l  analysis. 

In the fo l lowing,  we consider an optimum sample 
a l locat ion scheme based on mul t ip le  character is-  
t i cs .  For Models A and B, the weights (~,8) de- 
rived from the single charac ter is t ic  opt imizat ion 
were used. The typical  problem for  Models A and 
B under mul t ip le  variance constraints is the min- 
imization of the cost C 
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C = E nLi CLi + % nHi CHi 
with respect to nLi, nHi such that 

V(Pj,y) ~ V~,y j=1, . . . ,  J 

A 

V(Pj, x) < vO j=Z a 
- -  J ,X  ' "" "' 

where for the j - th minority voting (Y) 

^ = 1 N~i nLi 
V(Pj,y) ~ { S----nL i (1 -----)NL i S~i (mj,y, Bj,y) 

J 

+ Z ---- N~i (1 - ----nHi~ S~i (mj,y, Bj, )} 
nHi NHi ~ Y 

and SZi (mj,y, B j , y ) ,  S~i (am,y, B j , y ) a r e  con- 
vex functions of mj,y, Bj ,y.  A comparable var- 

iance formula is used for the reg is t ra t ion rate 

Pj,x" The above mul t i -charac ter is t i c  problem for 

sample size al locat ion under a single-frame design 
is a nonlinear programming problem. Computer • 
algorithms for i ts  solut ion have been derived by 
Hartley and Hocking (1963), Chatterjee (1966), 
Causey (1972,)AI-Khayyal and Hodgson (1978). 
Since the computer program developed by Causey 
(1972) was avai lable, his program was used for a l l  
counties except Honolulu. Honolulu County was ex- 
cluded because the sampling design applied on the 
reg is t ra t ion frame precluded the use of the com- 
puter algorithm. 

The procedure used in obtaining the optimum 
weights in the single character is t ic  sett ing is a 
natural way to obtain the weights for the mul t i -  
character is t ic  problem. Such a procedure using 
the computer program would be as fol lows: Two 
sets of vector variables ~ (sample sizes) and 

(~,~) are involved. For each f ixed vector value 

(~,~) where the elements are bounded by 0 and i ,  

the optimum ~, now denoted ~ (~,~) can be derived 

using the computer program and the resul t ing sur- 
vey cost can bedetermined. Repeating the proce- 
dure for a l l  possible vectors of (~,~) where the 

elements of ~,~ are bounded by 0 and 1 in incre- 

ments of 0 . I ,  one can eventual ly f ind the optimum 
~, ~,~. Since the computer program is an itera- 

t i re procedure, i t  would require an enormous a- 
mount of computer time to obtain the optimum 
weight vector (~,~) by the above procedure. A 

"short cut" procedure was tested on the data from 
Edgecombe County where we allocated ~ (~,~) by 

the computer program for a set of (~,~) in the 

neighborhood of ( ~ , y ,  B~,y, e~,x' B~,x) ' 

j = l ,  . . .  J , derived previously for each charac- 
t e r i s t i c  j .  The resul t ing "best" (~,~) were 

close to the (~*,~*) derived previously under the 

single character is t ic  optimization problem. The 
weight vectors ~=~ and ~=~ were used for Model D 

in the computer algorithm. 
For Model C (the double sampling plan with a 

dif ference estimator) the cost function is a l i n -  
ear function of the i n i t i a l  i - th  stratum sample 

size (h i )  and the substratum sample size ( n i j ) .  

The typical  variance function for any character- 
i s t i c  is a l inear function of the reciprocal of 
the n i ,  n i j .  Causey's modified sample al locat ion 

program provided the optimum sampling cost and 
sample size for Model C using mu l t i - charac te r i s t i c  
constraints. 

The optimum survey costs for a l l  of the models 
were computed using his program for d i f fe ren t  C.V. 
constraints (0.04 (0.01) 0.1) for 7 counties. The 
re la t ive  survey cost for a l l  models versus Model C 
is provided in Table I for a l l  7 counties for 
C.V. = 0.1. The results indicate that in  a l l  of 
the counties (except Edgecombe), Model C was the 
best in terms of minimum cost- Model B or D was 
second. In Edgecombe County, Model B was the 
best model and Model C Was next. 

As one would expect, the optimum sampling cost 
also varied by the d i f fe ren t  tolerances for a l l  
character is t ics (al l  minor i ty voting and reg is t ra-  

A 

t ion) .  In the study, we used C.V. for Pj for the 

j - t h  character is t ic  of 0.04 to 0.1 with increments 
of 0.01. The re la t ive  survey costs of d i f fe ren t  
C.V. constraints versus the costs for a C.V. con- 
s t ra in t  of 0. I  for Model C are presented in Table 
2. Over the 7 counties, an increase in cost of 
17% to 22% would be required to reduce the C.V. 
from 0. I  to 0.09 and an increase in cost of 39% to 
53% to reduce the C.V. from 0. I  to 0.08. For a 
0.07 C.V. constraint ,  the cost is nearly double 
the cost of the 0.1 C.V. constraint .  For 
C.V. = 0.04, the cost increase is 5 times the cost 
f o r  a C.V. = 0.1 in Coconino, Edgecombe and Hal i-  
fax, about 4 times in Pinal, Monroe and Lee; and 
3 times in Co l l ie r .  

In Honolulu County, since the mult i -variance 
constraint sample al locat ion program could not be 
applied immediately, an Ad Hoc method was used 
which allocated the sample in a manner such that 
a l l  variance constraints were sat is f ied .  The Ad 
Hoc method consisted of selecting the maximum 
sample sizes (obtained via the single characteris- 
t i c  variance constraint a l locat ion approach) over 
al l  the character is t ics considered. 

The preferred sampling scheme and re la t ive  cost 
comparisons between the models for Honolulu County 
are summarized in Table 3. The re la t ive  cost com- 
parisons for each model and for d i f fe ren t  C.V. 
constraints are tabulated in Table 4. For Hono- 
lulu County, Model B is preferred in the C.V. 
range from 0.04 to 0.08. For C.V. = 0.09 and 0. I  
Model B costs 1% more than Model C. 

IV. Conclusion 

Based on the optimum survey costs for each" 
model, we conclude that:  
( I )  Model C (the double sampling plan with a d i f -  

ference estimator) was the preferred model 
with e i ther Model D or B second in preference 
for a l l  C.V.'s considered. In two counties, 
Model B was in fact "best" for most C.V. 
constraints. 

(2) Survey costs under a two-frame approach could 
be reduced by using an updated l i s t  frame 
(compare Model A with Model B). 

(3) Given the data on reg is t ra t ion and voting and 
the par t icu lar  sample designs in th is study, 
the single-frame approach performed better in 
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terms of cost than the multiple-frame model. 
Within the single-frame model, a double sam- 
pling approach using a difference estimator 
performed better than a scheme requiring 100% 
record-checked data. 
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Table 1. R e l a t i v e  Survey Costs f o r  Each Model vs. Model C 

for a C.V. of 0.I 

Cost of A'C D'C B'C 
County Model C 

Coconino $ 9,305 1.16 1.16 1.15 

Pinal 24,479 1.23 1.23 1.18 

Collier 61,857 1.13 1.09 1.12 

Monroe 15,839 1.21 1.21 1.21 

Edgecombe 6,369 1.04 1.04 0.93 

Halifax 6.763 1.06 1.06 1.08 

Lee 13,479 1.12 1.12 I .12 

Table 2. Relative Survey Costs of Different C.V. Constraints versus 0.1 c.V. Constraints 
. . . . .  ~ . . . . . . . . . . . . . . . . . . . . . .  

f o r  Model C 

tv~C.~C.V 
County 0 04 0.05 0.06 0 07 0 08 0 09 0 10 C o u n  . . . .  . . . . . . . .  . . . . 

. . . . . . . . . .  

Cost of  Model 
C for  C.V. = IJ.1 

Coconino 5.06 3.53 2.57 l .95 1.52 1.22 I. $9,305 

Pinal 4.17 3.11 2.38 1.86 1.48 1.21 I. 24,479 

Col l ier 3.24 2.54 2.04 1.68 1.39 1.17 I. 61,857 

Monroe 4.16 3.10 2.37 1.85 1.48 l .21 I. 15,839 

Edgecombe 5.26 3.61 2.61 1.97 l .53 1.22 l .  6,369 

Halifax 5.01 3.50 2.56 1.94 1.52 1.22 , I. 6,763 

Lee 3.96 3.00 2.32 1.83 1.47 1.20 I. 13,479 
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Table 3. The Preferred Sampling Scheme an d Relative Co.s.t Com.p.arisons between Models 
_ . .  ~ . . . . . . . .  

(Ad Hoc Method) in Honolulu County 

.V 0.04 0.05 0.06 0.07 0.08 . . . . .  Q.09 . . . . .  0.10 . 

Model A vs. C .97 .98 .99 1.04 1.04 1.07 1.12 

D vs. C 1.22 1.22 1.22 1.23 1.22 1.22 1.23 

B vs. C .90 .90 .91 .96 .96 1.01 1.01 

Cost for Model C $126,268 8 1 , 9 6 0  5 7 , 3 5 7  42 ,302  32 ,479  25 ,690  20,831 

Model A vs. D .80 .80 .81 .85 .85 .87 .91 

B vs. D .74 .74 .74 .78 .79 .83 .82 

Cost for Model D $154,498 100,286 70 ,178  51 ,819  39 ,746  31 ,455  25,539 

Model I~ vs. A .93 .92 .92 .92 .92 .95 .90 

Preferred Sampl i ng B B B B B C C 
Scheme 

Table 4. Relative Cost Comparisons of Different C.V. Constraints versus C_.V. of 0...1 for 

Each Model (Ad Hoc Metho.dL)for Honolulu Countx 
V. Survey Cost 

0.04 0.05 0.06 0.07 0.08 0.09 0.10 for C.V. = 0.1 

Model A 5.29 3.44 2.44 1.90 1.46 1.18 1. $23,230 

D 6.05 3.93 2.75 2.03 1.56 1.23 1. 25,539 

B 5.42 3.51 2.48 1.93 1.49 1.24 1. 21,002 

C 6.06 3.93 2.75 2.03 1.56 1.23 1. 20,831 
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