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Abstract

A general theory of sampling with unequal prob-
abilities with replacement was developed by Hansen
and Hurwitz (1943) and without replacement by Hor-
vitz and Thompson (1952). Hanif and Brewer (1979)
introduced a single generalized Horvitz-Thompson
(GHT) estimator of total with or without replace-
ment where the population units may appear more
than once in the sample with the condition that
the total number of appearances is fixed. In this
paper, a more general single estimator of popula-
tion total is discussed where Hanif and Brewer
(1979) and Brewer et al (1979) Poisson sampling
estimators are particular cases. A ratio estima-
tor is also developed. Neyman type optimum allo-
cation is derived for stratified random sample.
1. Introduction

In certain sample designs it may be difficult
to categorize a selection procedure as either
'with replacement' or 'without replacement’. It is
of some interest to devise a procedure for such a
mixed sample design. Hanif and Brewer (1979) de-
veloped an estimator

Yarr = L~ e}
GHT I=1 %

where ¥ is the expected number of population units
appearing in the sample, &; is defined such that
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2. A Generalization of Hanif-Brewer Estimator
Suppose &1 is the number of times the Ith popu-
lation unit and 8yy is the number of times the

ordered pair (I,J) appear in the sample. Let
. - GléJ , 127 (3)
1J SII , Ootherwise
Consider an estimator
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which is an unbiased estimator of population total
provided ES§; = A7y and Ay is a flxed quantity. If
Ar is a random variable, then yg is not an unbi-
ased estimator of the population total. For exam-
ple, if A1 equals miy/n, where m is a random num-
ber such that E(m)=n and n and Iy are constants,
then E(AI) = E(m)Ip/n = My. Now E(S; AP = EI(GI\AI)
EZ(AI ), where E; is the expectation over 8y given
A1 and E, is the expectation over the number of
repeated units in the sample.

The asymptotic variance of (4) is

Vi) -3 Xé-Ez(x V(8 )+E2(6 JVO)-EQ)
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Cov(AI,XJ)]
where E(SIJ) = AIJ’ I=J.

If 8;7 = 87(87-1) and A is fixed, then E(8%)=
Arp+ip, and V(yl) reduces to Hanif and Brewer
(1979) variace expression (2).

3. A Ratio Estimator

m .
Suppose Al = a Iy, where m is a random
variable, then the expression (4) becomes a ratio
estimator as defined by Brewer et al (1979). The

asymptotic variance of yﬁG is

1
Viygg) =;E{n2Var(yé)+YéVar(m)-2nYGCov(yé,m)]
(6)

N
where yéG = 3- z _%7} , and for any selection
I=1 "I
procedure
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Var(m) = )} (1-n )0 + 2 y (pp-mny)
I2J=1
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Var(y!,m} = (1-m )Y + (M, -1 T )=
G 121 I R e
and
E(m) =

4. Optimum Allocation in Stratified Random
Random Sampling

Suppose a random sample of size ny is drawn
from an hth stratum of population of size Ny.
Suppose the population of size N is divided into
k strata. Suppose the estimator of hth popula-
tion total and its variance are given by equations
(4) and (5) respectively. Then the estimator of
stratified population total is
- R T 01
ySG - X (7)

h=1 I=1 Th
and its variance is

k
1 = 1
Var(ySG) = hZIVar(yRGh).

If 68y, = apPy and Ay = E(ap), then the expre-
ssion (7) reduces to the ratio estimator given by
Doss et al (1978).

If >‘Ih = nhPh, IJh = nh(nh l)PIJh’ as de-
flned by Hanif and Brewer (1979), then Xar(ySG)

Ny ¥

Ih
= Z + C where V,_ = = - 2 P x
pity b P P oo M
YnYon Kook Y K,
pop and C= b f ) Py sy - LY
Th™ Jh h=11,J=1 Ih"Jh  h=1
V, and C are independent of ny.
k
For fixed n = z n,, n 1is obtained by mini-
hel h h



k
mizing Var(yéG) as m = n/VE]hZI/V; .

Similarly, if the total cost is fixed as
k
C= hzlchnh’ then n  is obﬁalned by minimizing
1 - T
Var(rgg) as my = COM/ep/ L Wey
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