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A technique of systematically allocating a
sample to the strata formed by double stratifi-
cation is presented. The method can proportion-
ally allocate the sample along each variable of
stratification. If there are R strata and C
strata for the first and second variable of
stratification respectively, the technique re-
quires that the total sample size be at least as
large as max(R,C). An unbiased estimator of the
population mean is given and its variance is
obtained. The technique is compared with a ran-
dom allocation procedure given by Bryant,
Hartley and Jessen (1960). Numerical examples
are given suggesting when one technique is
superior to the other.
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1. Introduction

Bryant, Hartley, and Jessen (1960) have dev-
eloped a method for applying two-way stratifica-
tion when the total number of observations is
required to be less than the number of strata
which would be formed by the usual double strati-
fication. They have shown that in many situa-
tions the procedure can improve the precision
of the estimates over single stratification with
either variable chosen for stratification.

The authors have found that in data validation
respondent surveys many variables are candidates
for stratification and since the relationship
between these variables and the response is not
well understood, two-way or multi-way stratifi-
cation with proportional allocation along each
variable seems appropriate. The importance
of data validation to energy data is discussed
by Moses (1978).

Bryant, Hartley, and Jessen (1960) give a
simple method for proportionally allocating the
sample along two criteria when the total number
of observations is at least the maximum of R and
C, where R is the number of strata for the first
variable and C is the number for the second. An
extension to multi-way stratification is given
by Raghunandanan and Bryant (1971).

Bryant et al. (1960) estimate the population
mean Y wusing two-way stratification. We use
their notation which is now given. The popula-
tion of size N is stratified along two variables
in R rows and C columns. , The RC sections formed
are called cells. The ij" cell refers to the
collection of units be]ong1nq:to the i category
for the first variable and j~ category for the
second varjable where i=1, 2, ..., R and j=1,

2, ..., C.

N‘j is the number of units in the ij

3
Y.. is the kth unit in the 1Jth

ijk
k=1, 2., ..., Nij’

th cell,

cell for
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= Nij/N’
vij is the mean of the units in the ijth cell,
, N
Ss. = Y.
ij = (Y3050 5010,
C R
P. =% P..,P.=21 P..,
1. J=] 1J J J='I 1J
- R C -
Y =% Pi'Yi"
i=1 31 3
nij is the number of units in the sample belonging
to the 1Jth cell,
yij is the sample mean for the 1jth cell,
R R
n, =% ny.,andn = I n...
1. j=1 1J .J i=1 1J

We shall assume 1ndependence between the vari-
ables of stratification, i.e. Pyj; = Py P 4 for
simplicity. The results can be generalizéd for
the dependent case. We must have = max{R,C).

For proportional allocation the n sample units are
assigned to satisfy the following equations as
closely as possible.

Ny = nPi. and n.j =P

We fix nj and n j for each i and j, wh11e nyj
is a random variable. After n, n; , and n_j have
been determ1ned a square is constructed hav1ng
n Tines (s= 1 .., n) and n arrays (t=1, .
n) forming n? squares For i=1, , R and
J=1, ..., C we combine n; adjacent lines to form
the ith row and n_ j adjacént arrays to form the
jth column.

The procedure of Bryant et al. (1960) shall be
referred to as random allocation. In the first
Tine, one array is selected at random and marked.
In the second line, for the remaining n-1 arrays,
another array is selected at random and marked.
This procedure is continued until an array has
been selected for each line. The size of the
sample chosen from a given cell is the number of
marks within that cell.

When Py; = Py P j for each i and j the estimator

R €
y=2 I

i=1 j=1
unbiased and its variance isgiven in Bryant et al.
(1960). Two properties of the random allocation
method are: i) every square has probab111ty 1/n
of being marked; ii) the nj 's and n ;'s satisfy
the conditions for proport1ona1 a11ocgt1on and
E(n'IJ) = nP1_P'J' = nPU

n..y../n was given. The estimator is
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2. Systematic Allocation

Here, we propose an alternative to random
allocation which has properties i) and ii) of the
previous section.

We use the nxn square matrix described in
Section 1. The squares are numbered moving from
left to right from 1 to n? starting with the
first line. On the first line a square is select-
ed with probability 1/n and is marked. If the
g h square is chosen on the first line, then the
allocation is systematically determined by mark-
ing those squares which have the numbers

g + 2(n+1) for =0, 1, 2, ...
n{n-g+k) + k for k=1, 2., ..
g=1, 2

, n-g and

.» g=1 for (2.1)

.o N

There are n possible allocations depending
only on the initial choice of g. When n=10, we
see that there are 10 possible allocations as
contrasted to random allocation which would have
10!=3,628,800 possible allocations. Also,
random allocation requires the generation of n-1
random numbers whereas systematic allocation
requires just 1 random number for any sample size
n.

After the samp]e has been allocated, a simple
random sample of size n; is chosen from the
1Jth cell for each pair 3(1,3) The random vari-
able njj is determined by the allocation and can
take on values between O and min(n; ,n ;

The systematic allocation scheme par%1tions
the n? squares into n sets of equal probability
of selection. Consequently property i

Section 1 is satisfied. Since the ijth cell
contains nj n_j unit squares
_n. n .
ECw (nij) = 1. ] (2.2)
n

(We use the subscripts CW and BHJ to denote
systematic allocation and random allocation,
respectively.)

The estimator for Y
allocation is

under systematic

(2.3)

This is the same formula as for random allocation.
When nj3=0, we may def1ne y1J—O It can be
shown that E

So y is uﬁﬁlased under systematic allocation
when Py P 3 = Pyij.

We now 1ntroduce some notation for use in the
formulae for Varcw(y)

Let 01J = the number of ordered pairs of distinct
squares in the ijth cell associated
with the ¢th systematic allocation
for 2=1, 2, ..., n;

n P
§.. =z 0W;
N 2=1 2
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ulJ = the number of squares in the 1jth cel
belonging to the &th systematic
allocation;
n c. sy n
= 13,1 _ 13 i'j
Ssener= I U Yu y Ssssis =2 U and
LNEN AR e 13i'3 2y Uy
n 33 3120
- 13,171
Siging Tk W
Under systematic allocation we have
[{N..=1) n. n ~6..]
Varcw(y) = 1/n?[% 32 1J 1. -3 1)
i nN, .
1]
+ 3 -n, .) + ns,.)¥2./n?
5 (n n J(n n1.n.J) n61J)Y1J/n
+ 1 8....,-n2 n . v..Y..,/n2
Y (83345073 m 505 Wq5¥450 /0
- Y] 2
+ f} ;%J (n51j1'j n? 0 n1..)Yini.j/n
+ % X (né va-N ne,ono.n g,
i i'J'( LA VAR T LR, I )
kv 2
Y.]JY.iljl/n]

Theorem 1: Let R=C=2. If min( 2N 5N 1510 2
then the joint probability d1str1but16n o}
N2> N2y, and npp is the same for random and
systematic allocations.

S1nce the estimators are the same function of
the ny;'s, Vargyyly) and Varcw(y) can differ only
if the d1str1but1ons of the nji's differ and so
under the assumptions of Theorem 1, VarBHJ(y) =
Vargy(y).

3. Systematic Allocation When R=C=n

If R=C=n and we require that each stratum for
the variables of stratificatlon be represented in
the samp1e then nj, = n_j =1 for every i and j.
The variance formulae under random allocation
simplifies to the following:

(N;.-1)

VarBHJ(y '2[2 e A S2 + % (n-1) Y2 /n
ij nN ij
iJ
-zz?Y./n-zzY\?/n
'Ij .ijl 13 1 .IJ_IJ 1J1J
71-71'~-
+3p 3 —L1d (3.1)
ij i'3' n%(n-1)
While under systematic allocation 6 61J1J| =

6734'5 = 0 and so



- (N;.=1)
Varcw(y) = 2[2 ———l———-S2 + 1 (n-1) Y2 /n
ij nN ij
- V..V, 2. ..V,
1_.?3_ 1-23-. ijVig+/" 123 fj i57i03/"°
+ 27,
1Zj 1Z'j' (n(S_IJ1 3! 1)Y1JY1.J /n?]
(3.2}
Note: 6::i.0 = 1 if the i3™ and i'5'™ cells
i are in the same systematic
allocation.

0 otherwise

We note that the formulae differ only in the
last term. For comparisons we need only look
at the last term.

Lemma 1: When R=C=n=2 the two procedures are
equivalent.
Lemma 2: If Yini. , = ¢ for each pair (i,j)
LY - -
and (i',j') then VarBHJ(y) = Varcw(y)

4. Concluding Remarks

In many instances systematic allocation pro-
duces the same joint distribution for the njj's
as random allocation. For these cases it is
unnecessary to use random allocation, since the
two estimators have identical sampling properties
and the one obtained by systematic allocation
requires much less effort. In some cases, the
procedures are identical simply by virtue of
the structure of the table and are not dependent
on the popu]at1on parameters Y . and $%; for
i=1, , R and j=1, ..., }heorem % is one
examp]e of this type of resu]t, and additional
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research in this area may be helpful.

Systematic allocation can be easily extended
to higher order stratification. We believe
that such methods will have advantages over
the method of Raghunandanan and Bryant (1971)
as it has for two-way stratification over
random allocation.

In practical applications, we would recommend
systematic allocation over random allocation
because it is much easier to implement and unlike-
1y (we believe) to produce estimators with
significantly larjer variances than random allo-
cation. Indeed many examples exist where
Varcy(y) < Vargyy(y) (Chernick and Wright
Techn1ca] Report? Future research will, hope-
fully, provide better guidelines for its use.
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