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A technique of systemat ica l ly  a l loca t ing  a 
sample to the s t rata formed by double s t r a t i f i -  
cation is presented. The method can proport ion- 
a l l y  a l locate the sample along each var iable of 
s t r a t i f i c a t i o n .  I f  there are R s t ra ta  and C 
st rata for  the f i r s t  and second var iable of 
s t r a t i f i c a t i o n  respect ive ly ,  the technique re- 
quires that the to ta l  sample s ize be at least  as 
large as max(R,C). An unbiased est imator of the 
population mean is given and i t s  variance is 
obtained. The technique is compared with a ran- 
dom a l l oca t i on  procedure given by Bryant, 
Hart ley and Jessen (1960). Numerical examples 
are given suggesting when one technique is 
superior to the other. 
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I .  Int roduct ion 

Bryant, Hart ley,  and Jessen (1960) have dev- 
eloped a method for  applying two-way s t r a t i f i c a -  
t ion when the to ta l  number of observations is 
required to be less than the number of s t rata 
which would be formed by the usual double s t r a t i -  
f i ca t i on .  They have shown that in many s i tua-  
t ions the procedure can improve the precision 
of the estimates over s ingle s t r a t i f i c a t i o n  with 
e i ther  var iable chosen for  s t r a t i f i c a t i o n .  

The authors have found that in data va l idat ion 
respondent surveys many variables are candidates 
for  s t r a t i f i c a t i o n  and since the re la t ionsh ip  
between these variables and the response is not 
well understood, two-way or mult i-way s t r a t i f i -  
cation with proport ional  a l loca t ion  along each 
var iable seems appropriate. The importance 
of data va l ida t ion  to energy data is discussed 
by Moses (1978). 

Bryant, Hart ley,  and Jessen (1960) give a 
simple method for  p ropor t iona l l y  a l loca t ing  the 
sample along two c r i t e r i a  when the to ta l  number 
of observations is at least  the maximum of R and 
C, where R is the number of s t rata for  the f i r s t  
var iable and C is the number for  the second. An 
extension to mult i-way s t r a t i f i c a t i o n  is given 
by Raghunandanan and Bryant (1971). 

Bryant et a l .  (1960) estimate the population 
mean Y using two-way s t r a t i f i c a t i o n .  We use 
the i r  notat ion which is now given. The popula- 
t ion of size N is s t r a t i f i e d  along two variables 
in R rows and ~sCOlumns. ~:hThe RC sections formed 
are cal led cel . The i j  ce l l  refer~hto the 
co l lec t ion  of units belonging~hto the i ~' 'category 
for  the f i r s t  var iable and j~"category for  the 
second variable where i = l ,  2 . . . . .  R and j = l ,  
2 . . . . .  C. 

Ni j  is the number of units in the i j  th ce l l ,  

Y i j k i s  the k th uni t  in the i j  th cel l  for  

k=l, 2 . . . . . .  N i j ,  

Pi j  = N i j /N '  

7. .  is the mean of the units in the i j  th c e l l ,  I j  

N. 
$2" = 7~ (Yi -~i )2/(Ni - I )  

l j  k= 1 j k  j j , 

C R 
• = ~. Pi_,pj = 7. P , Pl" j= l  "J j= l  i j  

R C 
= 7. E P. .Y . . .  

i= l  j= l  I j  1j 

n. .  is the number of units in the sample belong}ng 
1j th 

to the i j  c e l l ,  

Y i j  is the sample mean for  the i j  th ce l l ,  

R R 
= y n and n = y ni " 

ni" j = l  i j '  "J i=l  J 

We shall  assume independence between the var i -  
ables of s t r a t i f i c a t i o n ,  i .e .  Pi j  = Pi. - I  P " for  
s imp l i c i t y .  The resul ts can be generalized for  
the dependent case. We must have ~max(R,C). 
For proport ional a l locat ion the n sample units are 
assigned to sa t i s f y  the fo l lowing equations as 
c losely as possible. 

ni .  = nPi. and n . j  = nP.j 

We f i x  n i and n .i for  each i and j ,  while n i j  
is a random var iable.  Af ter  n n. , and n • have , i .  .3 .  
been determined, a square is constructed havlng 
n l ines (s=l ,  2 . . . . .  n) and n arrays ( t = l ,  2 . . . . .  
n) forming n 2 squares. For i=l  . . . . .  R and 
j = l ,  , C we combine n i adjacent l ines to form 
the it l~'row and n . j  adjacent arrays to form the 
j t h  column. 

The procedure of Bryant et a l .  (1960) shall be 
referred to as random a l loca t ion .  In the f i r s t  
l i ne ,  one array is selected at random and marked. 
In the second l ine ,  for  the remaining n-I arrays, 
another array is selected at random and marked. 
This procedure is continued un t i l  an array has 
been selected for  each l ine .  The size of the 
sample chosen from a given cel l  is the number of 
marks wi th in  that ce l l .  

When Pi j  = Pi.P.J for  each i and j the estimator 

R C 
= E E n i j Y i j / n  was given. The estimator is 

i : l  j : l  

unbiased and i t s  variance is given in Bryant et a l .  
(1960). Two propert ies of the random a l locat ion  
method are" i )  every square has p robab i l i t y  I /n 
of being marked; i i )  the n i ' s  and n . i ' s  s a t i s f y  
the condit ions for  proport ional a l loc~t ion and 
E(n i j )  = nPi .P. j  = nPi j .  
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2. Systematic Al locat ion 

Here, we propose an a l te rnat ive  to random 
al locat ion which has properties i )  and i i )  of the 
previous secti on. 

We use the nxn square matrix described in 
Section I.  The squares are numbered moving from 
l e f t  to r igh t  from 1 to n 2 s tar t ing  with the 
f i r s t  l ine.  On the f i r s t  Iline a square is select- 
edwi th  p robab i l i t y  I /n and is marked. I f  the 
gth square is chosen on the f i r s t  l i ne ,  then the 
a l locat ion is systematical ly determined by mark- 
ing those squares which have the numbers 

g + ~{n+l) for ~=0, I, 2 . . . . .  n-g and 

n(n-g+k) + k for k=l, 2 . . . . . .  g-I for 

g=l, 2 . . . . .  n. 

(2.1) 

There are n possible al locat ions depending 
only on the i n i t i a l  choice of g. When n=lO, we 
see that there are I0 possible a l locat ions as 
contrasted to random al locat ion which would have 
10!=3,628,800 possible a l locat ions.  Also, 
random al locat ion requires the generation of n-I 
random numbers whereas systematic a l locat ion 
requires jus t  1 random number for  any sample size 
n. 

Af ter  the sample has been al located, a simple 
random sample of size n i j  is ~hosen from the 
i j  th cel l  for  each pair  ( i , j  . The random var i -  
able n i j  is determined by the a l locat ion and can 
take on values between 0 and min(n i . ,n  .) 

The systematic a l locat ion scheme par t i t ions  
the n 2 squares into n sets of equal p robab i l i t y  
of select ion. Consequently property i ]  of 
Section 1 is sa t i s f ied .  Since the i j zn  cel l  
contains n i . n . j  un i t  squares 

ECW ( n i j ) :  ni.n..j (2.2) 
n 

(We use the subscripts CW and BHJ to denote 
systematic a l locat ion and random a l loca t ion ,  
respect ively.  ) m 

The estimator for  Y under systematic 
a l locat ion is 

R C 
: 7 7. n ~ ~ - / n .  (2.3) 

i : l  j : l  iJy iJ 

This is the same formula as for  random allocation. 
When nij=O, we may define Yij=O. I t  can be 
shown thet ~ ( y )  = ~I . 

So y is iased under systematic a l locat ion 
when P i P j = P i j .  

We now" ntroouce some notation for  use in the 
formulae for  VarCW(Y). 
Let 0 iJ - = the number of ordered pairs of distinct 

squares in the i j  th cel l  associated 
with the ~Lth systematic a l locat ion 
for  ~=I, 2 . . . . .  n; 

n 
.. = 7 o ' J ;  ~ 

~ij ~=I 

i j  
u~ = the number of squares in the i j  th cel l  

belonging to the ~th systematic 
a l locat ion ;  

n i j  i j '  n i j  i ' j  
,= 7. u u~ = u~ u and 

~i j i j  ~=I ~ ' 6 i j i ' j  ~-ZI- 

n i j  i ' j '  
u~ u~L 

~ i j i ' j '  ~_Z I_ 

Under systematic a l locat ion we have 

2 Varcw(~) : I/n2[.E. Sij 
IJ 

[ (N i j - l )  n i . n . j - ~ i j ]  

n N . .  1j 

2 I n  2 + .7.. ( n i . n . j ( n - n i . n . j )  + n ~ i j ) ? i j  
IJ 

2 jn j , )Y i j  ? i j ' /nz + 7. 7. (n6i j i j , -n i n 
i j  i j '  " " " 

+ 7. 7. (n6ij i j-n2jn n )Y i j7 /n 2 
i j  i ' j  ' . i. i ' .  i ' j  

+ 7, 7. (n6 i -n n i n n ) 
i j  i ' j '  j i ' j '  i . ' . . j  . j '  

YijYi , j , /n2] • 

Theorem I :  Let R=C=2. I f  min(nl ,np ,n l ,n  2)=I,  
then the j o i n t  p robab i l i t y  distr~6utT6n 6~ n~l 
n12, n21 and n22 is the same for  random and- 
systematic a l locat ions.  

Since the estimators are the same function of 
the n-~'s, VarBHj(~) and VarCw(Y) can differ only 
i f  th~Jdistributlons of the ni.i's d, i f fer  and so 
under the assumptions of Theorem l VarBH J~)  = 
Varcw(Y) • 

3. Systematic Al locat ion When R=C=n 

I f  R=C=n and we require that each stratum for  
the variables of s t r a t i f i c a t i o n  be represented in 
the sample, then ni.  = n. j  = 1 for  every i and j .  
The variance formulae under random al locat ion 
s imp l i f ies  to the fol lowing" 

VarBHj(y) = n-217. (Nij.-l) 
i j  nN.. 

IJ 

2. + Z (n-l)~2. /n 2 Sij .. l j  
IJ 

- 7 .  E Y - /n 2- 7. E ~ ~i /n2 
i j  i j '  i jY i j '  i j  i ' j  i j  ' j  

7ij~ i , + E 7 J' ] .  (3.1) 
i j  i ' j '  n2(n- l )  

While under systematic a l locat ion 6 i j  = 6 i j i j ,  = 
6 i j  i , j  = 0 and so 
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(N i j - l )  
VarCW(Y ) = n-217' 

ij nNij 
2 + 7' (n- l )?~ In 2 Sij .. j 

l j  

- 7 '  E ~i ? /n2- 7' 7' Y ?i /n2 
i j  i j '  j i j '  i j  i ' j  i j  ' j  

+ 7 r. (n6 - I )? ?i /n2] 
i j  i ' j '  i j i ' j '  i j  ' j '  " 

(3.2) 

Note" 6 i j i , j ,  = 1 i f  the i j t h  and i ' j ' t h  cel ls 
are in the same systematic 
al 1 ocati on. 

= 0 otherwise 

We note that the formulae d i f f e r  only in the 
last  term. For comparisons we need only look 
at the last term. 

Lemma I" When R=C=n=2 the two procedures are 
equivalent. 

Lemma 2" I f  ? i j  ? i ' j '  = c for each pair ( i , j )  

and ( i ' , j ' )  then VarBH d(y) = Varcw(Y) 

4. Concluding Remarks 

In many instances systematic al locat ion pro- 
duces the same jo in t  d is t r ibut ion for the n i j ' s  
as random al locat ion. For these cases i t  is 
unnecessary to use random al locat ion,  since the 
t ~  estimators have identical sampling properties 
and the one obtained by systematic al locat ion 
requires much less e f fo r t .  In some cases, the 
procedures are identical simply by v i r tue of 
the structure of the table and are not dependent 
on the population parameters ? i i  and S~. i for 
i = l ,  . . . .  R and j=l  . . . .  , C. Theorem -I is one 
example of this type of resul t ,  and additional 

research in this area may be helpful .  
Systematic al locat ion can be easily extended 

to higher order s t r a t i f i ca t i on .  We believe 
that such methods w i l l  have advantages over 
the method of Raghunandanan and Bryant (1971) 
as i t  has for two-way s t r a t i f i ca t i on  over 
random al 1 ocation. 

In practical appl icat ions, we would recommend 
systematic al locat ion over random al locat ion 
because i t  is much easier to implement and unlike- 
ly (we believe) to produce estimators with 
s ign i f i can t ly  la r je r  variances than random al lo-  
cation. Indeed man~ examples exist  where 
Varcw(Y) < VarBBj(y ) (Chernick and Wright 
Technical Report). Future research w i l l ,  hope- 
f u l l y ,  provide better guidelines for i ts  use. 
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