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I. Introduct ion 

This paper is a cont inuat ion of a paper,  Madow 
and Madow (1978), r e f e r r ed  to as M below, which 
contains the background and notat ion for the following 
discussion. It should be noted tha t  the sets  of 
e lements  s l ,  s~... repor t ing at  t imes  t, 2,... need not 
be indepen~len~ly se lec ted  samples.  For example ,  a 
sample,  s, may be se lec ted  and at  t ime a, a=l , . . . ,g ,  s 
is the subset  of s consisting of e l emen t s  tha t  repor t  
both at  t imes  a and a-1. Thus, the design is longi- 
tudinal.  
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This paper is l imited to a discussion of two 
aspects  of link re la t ive  e s t ima to r s .  No a l t e rna t ive  
e s t ima to r s  or general  designs are  discussed. Clear ly ,  
the resul ts  apply to s t r a t i f i ed  link re la t ive  e s t ima to r s  
and would be useful for  composi te  e s t ima to r s  depend- 
ing on link re la t ive  e s t ima to r s .  The l a t t e r  are  not 
discussed because  to do so, it would be necessary  to 
s t a t e  a general  design. However ,  composi tes  of link 
re la t ive  e s t ima to r s  are  discussed below. 

a. Estimates are often needed for character- 
istics for which there are no benchmarks, even though 
there is a benchmark for a related variable. Link 
relative type estimators are discussed for such charac- 
teristics in Section 2. 

b. In a voluntary survey, repor t ing  units may 
skip one or more  t ime periods, but then repor t  again. 
Es t imators  dealing with some aspects  of non-consecu-  
t ive repor t ing  are  discussed in Section 3. 

2. Charac te r i s t i c s  Not Having a Benchmark 

In addition to the variables  for which bench- 
marks are  avai lable ,  the re  may be variables  for which 
no benchmark  is avai lable .  In a single survey, e s t ima-  
tors  of to ta ls  for such variables  are of ten  defined to 
be single or mult iple  rat io or regression es t ima to r s  
based on the benchmarked  variables .  
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In this sect ion we consider two link re la t ive  
e s t ima to r s  for variables  ,Y, tha t  have no benchmarks .  
One es t ima to r  is 
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where  R' is a link re la t ive  such as defined in M, and Xg 
Y' is the sum o£ the values of Y for the same 
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e l emen t s  as those repor t ing X in period g. 

Then Y' is a link re la t ive  e s t ima to r  of the 
gX 

tota l  Y . If it is assumed tha t  the  pairs (Xg 1,Ygl )' ' '" g 
(XgN,Yg N) are  independent  for f ixed g 

where 

2 
Vg,y iX - 

CV 2, _ 

g 

y! 

Z (Yg i -  xg, g Xgi) 2 i eSg gg 

(ng t) X" 2 ( I _ C V  2 )  
g g 

E 
i t s  

g 
(Xg i _ ~,g)2 

2 
ng(ng- I) X'g 

3 ~  



2 
Fur ther ,  Vg,y ]X 

2 
g, Y IX " 

is an unbiased e s t ima to r  of 

9 
Finally,  an unbiased es t ima to r ,  v~, 

2 g 
U X ' g -  Xg was obtained in M. 

- X  
g 

, o f  

Thus, if we define 

2 

Vy'g X - y  
g 

. 2  2 
= b g VX'g- Xg 

2 x '  (x'  - X' 
+Vg,y I x g g gg) 

! 

x 
gg 

p 
it follows tha t  Vv, 

I gX 
( Y ' g x -  y g ) 2 .  

- Y  
is an unbiased e s t ima to r  of 

g 

A second e s t ima to r  of Y is Y" where  g g 

Y 0 0  
Y~0~ Y' "" Y' X 

Ii " gg 0 X T 

y,, = XO = O0 ye 
gX , ... y, y g 

XO0 YIO g-l,g 0 

y !  

Since C Xo O0 = Y0' it follows tha t  ~ Y "  
X' gX 

00 

= Yg • 

Also, ~ ( Y "  _ y )2 = 2 u 
gX g y,, _ y 

gX g 
unbiased e s t ima to r  obtained as above. 

has an 

Whether Y' Y" will be used will depend gX or gX 

on whe ther  b e t t e r  e s t ima tes  are  avai lable  for the link 

re la t ives  in X or in Y. 

3. Repor t ing  for Non-Consecut ive  Period s 

In voluntary  longitudinal surveys,  e l ements  skip 
repor t s  and then repor t  again. The skipping cannot  be 
assumed to be random although, for many of the 
e l ements ,  it may be. The skipping is voluntary and 
thus the skipping pa t t e rn  differs  from ro ta t ion  designs. 

In this sect ion we f i rs t  consider a simple case in 
which the e lements  tha t  skip and the e lements  tha t  do 
not skip are  both assumed to yield unbiased es t ima to r s  
of change over the two periods. Thus a compos i te  
e s t ima to r  can be used to obtain the combined two-  
period change.  This es t imat ion  procedure  is used to 

obtain estimates of level for each time period. Esti- 
mates of change for single time periods are computed 
from the estimates of level. 

Firs t ,  consider two e s t ima te s  of change over an 
in terval  of two repor t ing  periods. 

The usual link re la t ive  of change over two 
periods is 

R ! R ! g-I g 
where  y,  
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and the numera to r  and denominator  are  sums of values 
of Y at  t imes h and h-1 respec t ive ly ,  for units 
repor t ing both at  t imes  h and h- l .  

An a l t e rna t ive  e s t ima to r  is 
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where  the numera to r  and denominator  are  to ta ls  of Y 
for t imes g-2 and g, for  units repor t ing both at  t imes  
g-2 and g, but not repor t ing at  t ime g-1. 

Every e l emen t  with data  e i ther  in R' or R' 
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repor t s  for t ime g - l .  Thus, while R' and R' 
g g-I 
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to indicate  conditioning in periods 0,1,...,  h. 
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Minimization of o 2 with respect  to X results in 
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Thus, if one of the variances is much larger than 

the other ,  l i t t le  would be gained by using the compo- 

si te es t imator ;  rain o2 Z i (g_2) would be approxi- 

mate ly  equal to the smaller  variance.  

It can be shown that  
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es t imators  conditional on (g-2) as obtained in M. 

Second ,  consider es t imates  of level.  Various 

es t imators  of level can be defined. The one that  we 

consider is suggested by the desire to have the current  

y i be one term of the composi te  e s t ima tor  of level,  g , 

e s t imator  of level.  
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An a l t e rna t ive  es t imator  would be 
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A third es t imator  would be 
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All es t imates  of level tha t  are mentioned above 

are unbiased es t imates  of Y . g 
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An unbiased estimator of (72 has already y' -y 

been obtained in M. Unbiased estim~tor~ of the other 

terms may be obtained by using the procedures 

discussed above. 

An al te rna t ive  approach takes advantage of the 

fact  that  many units report  in all three t ime periods g, 

g-I and g-2. 

Composite unbiased estimators of level may also 

be stated, e.g., 

Y" -- (I - ~) Y' + ~ Y' R" 
g g g-2 g,g-2 

The variance of Y" and an unbiased estimate of 
g 

that variance are also easily obtained by the proce- 

dures s ta ted  earl ier .  

Define R" by g,g-2 
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is the set of all units that report both in where Sg,g_2 
period g and in period g-2. Then R"g,g_2 wil l  usually 

be correlated with R' R' and g g-1 

The optimizing value of ~ is 
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which can be approximated from the estimates needed 

for the variance of the estimator. 
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where Y* and Y* are sums of Y and Y g-1 g-2 g- l , i  g-2,i 
over the units reporting in all three  periods, g, g - l ,  

g-2. 
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An unbiased es t imator  of the covariance of 

RgRg_l and R" can be obtained by the same g,g-2 
procedures as those used above. 

Using the covariance,  it follows that  the 

variance of a composite es t imate  of change in the 

general case can be obtained. An unbiased es t imator  

of the variances is also obtained as above. 
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