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I .  INTRODUCTION 

In determining a sample design for  a survey, 
the s t a t i s t i c i a n  f requent ly  must decide between 
one sample primary sampling un i t  (PSU) per 
stratum or two sample PSU's per stratum. Gener- 
a l l y ,  the one PSU choice has the advantage of 
resu l t ing in the lowest actual variance, i . e . ,  
the addi t ional  s t r a t i f i c a t i o n  possible for  an 
increased number of s t ra ta  and only one sample 
PSU per stratum normally reduces the between 
PSU variance. However, an unbiased variance 
est imator for  such a design does not ex is t .  
Some form of the collapsed stratum variance 
est imator [ I ]  is then general ly used, usual ly 
resu l t ing  in an overestimate of variance i f  the 
s t r a t i f i c a t i o n  is somewhat e f fec t i ve .  Thus, 
the two PSU per stratum design might be prefer-  
able when unbiased variance estimation is 
important. 

In th is  paper, the fo l lowing c r i t e r i o n  is exam- 
ined for  deciding between one and two sample 
PSU's: I f  we use the survey resul ts for  hypoth- 
esis tes t ing ,  which design w i l l  lead us to accept 
a false null hypothesis less f requent ly ,  i . e . ,  
which method w i l l  resu l t  in the smaller Type I I  
error? This c r i t e r i o n  is explained in detai l  in 
the next sect ion. At th is point ,  however, l e t  
us summarize the resul ts  of the paper: For the 
set of empirical data used, there was l i t t l e  d i f -  
ference between the Type I I  er ror  p robab i l i t i es  
for  one and two PSU's per stratum. However, a 
one PSU per stratum design was not subs tan t ia l l y  
bet ter  under any circumstances, whereas two 
PSU's was c lear ly  preferable under some circum- 
stances. Thus, by the Type I I  er ror  c r i t e r i o n ,  
two PSU's per stratum would be preferred over 
one PSU per stratum. 

The authors do not suggest, however, that  th is  
c r i t e r i o n  always be the sole basis for  deciding 
between one and two sample PSU's per stratum. 
There are cases where hypothesis test ing is 
i r re levan t  to the uses of the survey. There are 
also many cases where l i t t l e  or no perusal of 
variance estimates are expected to be made by 
data users: In these cases one sample PSU should 
always be used. There are many s t a t i s t i c i a n s  
who always opt for  two sample PSU's due to t he i r  
view ( f requent ly  mistaken?) of the importance of 
unbiased variance estimates. This paper should 
strengthen the i r  preference for  two sample PSU's. 

Normally, when comparisons of Type I I  e r ror  are 
made between methods, the Type I er ror  (the 
p robab i l i t y  of re jec t ing a true null hypothesis) 
for  the methods is the same. The Type I er ror  
for  the one PSU and two PSU's per stratum 
designs is not the same. However, since analysts 
in pract ice usual ly assume they are equal, the 
authors do not th ink th is  is a l i m i t a t i o n  in 
t he i r  work. 

The comparisons made in th is  paper assume that a 
collapsed stratum variance est imator with no 

adjustment for  the bias is used in conjunction 
with the one PSU per stratum design. I f  a 
"per fect"  adjustment for  bias was made, one PSU 
per stratum would, of course, be preferable.  

No comparison is made here for  the "wi thout 
replacement variance est imator , "  which can be 
used with the one PSU per stratum design and is 
indicated in [3] to be preferable to the col-  
lapsed stratum est imator.  This would c lea r l y  
improve the propert ies for  one PSU and w i l l  be 
the subject for  a future paper planned for  the 
1980 American S t a t i s t i c a l  Association Convention. 
Also, no comparison is made fo r  a regression 
variance est imator which is indicated in [2] 
to be preferable to the collapsed stratum 
est imator.  

I I .  CRITERION STATEMENT 

The exact meaning of the Type I I  e r ror  
c r i t e r i o n  can be best understood by studying 
the f igure.  Assume that  the purpose of the 
survey to be designed is to determine whether a 
population mean (labeled " t rue value" in the 
f igure)  is equal to some f ixed constant K (our 
nul l  hypothesis) or whether the population mean 
is greater than K (the a l te rna t i ve  hypothesis).  
We assume that both one sample PSU and two 
sample PSU designs resu l t  in sample estimates 
that are normally d is t r ibu ted  and unbiased. On 
the bottom por t ion  of the f igure are two normal 
curves representing the actual d i s t r i b u t i o n  of 
sample estimates for  one PSU per stratum and 
for  two PSU's per stratum. The one PSU method 
na tu ra l l y  resul ts  in the more concentrated curve 
and in lower variance, assuming there are addi- 
t ional  gains achieved by doubling the number of 
s t ra ta .  

On the top port ion of the f igure ,  two normal 
curves represent what the d i s t r i bu t i ons  of 
sample estimates for  the two designs would be 
under the nul l  hypothesis that the " t rue value" 
is K. The ver t i ca l  l ine  labeled "Actual 1 PSU" 
represents the 2~ signif icance level point for  
the one PSU per stratum method; th is  l ine  separ- 
ates the acceptance region for  the nul l  
hypothesis from the re jec t ion  region. I f  the 
" t rue value" were K, only 5 percent of a l l  pos- 
s ib le  samples of one PSU per stratum would f a l l  
to the r i gh t  of th is  l ine .  The ver t i ca l  l ine  
labeled "Estimated 1 PSU" represents the biased 
estimate of the 2~ point  for  the one PSU per 
stratum method. The s t a t i s t i c i a n  acts as i f ,  
for  the case where the " t rue value" is K, 
5 percent of a l l  possible samples of one PSU 
per stratum would f a l l  to the r i gh t  of th is  l ine .  
In r e a l i t y ,  of course, i t  would be less than 
5 percent. F ina l l y ,  the ver t i ca l  l ine labeled 
"2 PSU" represents the 2o point  (actual and 
estimated) for  the two PSU per stratum method. 
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Now look at the lower port ion of the f igure .  The 
area under the "I PSU method" curve to the l e f t  
of the "Estimated 1 PSU" l ine  (shaded in the 
f igure)  is where the curve representing the a l -  
te rnat ive  hypothesis overlaps the acceptance 
region of the null  hypothesis and represents the 
p robab i l i t y  for  the one PSU method of i nco r rec t l y  
deciding that the true value is K (Type I I  er ror )  
when, in fac t ,  the true value occurs as shown in 
the f igure.  The area under the "2 PSU method" 
curve to the l e f t  of the "2 PSU" l ine (containing 
s lant ing l ines in the f igure)  represents the same 
p robab i l i t y  for  the two PSU method. The one PSU 
method is preferable i f  the shaded area is smaller 
than the hatched area, and the two PSU method is 
preferable i f  the hatched area is smaller than 
the shaded area. 

I I I .  RESULTS 

Variances calculated for  one and two PSU's 
per stratum designs from one set of data were 
used to derive Type I I  er ror  p robab i l i t i es .  The 
variances were compared to known theoret ica l  re- 
la t ionships in order to support t he i r  use. The 
resul ts  of these calculat ions are presented in 
the fo l lowing section and the conclusions in the 
las t  sect ion. 

A. Derivat ion of Table 

Al l  the data re la te  to the Current Population Sur- 
vey (CPS), 357 Area Design. This pa r t i cu la r  
design was used from March 1963 to January 1967 
and consisted of 357 s t ra ta  comprising 701 
counties and independent c i t i e s  with coverage in 
each of the 50 States and the D i s t r i c t  of Columbia 
One hundred twelve s t ra ta  consisted of 1 PSU and 
were se l f - represent ing ,  while the other 245 strata 
contained more than 1 PSU and were non-sel f -  
representing. 

H : True Value = K 
o 
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Dr. Benjamin J. Tepping, at the time with the 
Bureau of the Census, calculated between PSU 
variances for  four d i f f e ren t  s i tuat ions for  the 
245 non-sel f - represent ing s t ra ta  using 1960 
Decennial Census data. He calculated the actual 
variance under a one PSU per stratum design, the 
expectation of the collapsed stratum variance 
est imator under a one PSU per stratum design 
( i . e . ,  the 1 PSU per stratum biased var iance),  
the variance when two PSU's are selected with 
replacement, and the variance when two PSU's are 
selected without replacement, with p robab i l i t y  
proport ionate to size. The actual one-PSU-per- 
stratum variance was based on one PSU chosen from 
each of the 245 noncertainty s t ra ta ,  and the other 
three variances assumed 2 PSU's chosen from each 
of 120 s t ra ta  where, except for  f ive  cases of 
three s t ra ta ,  each of the 120 s t ra ta  was formed 
by col lapsing two of the 245 s t ra ta .  Variances 
were calculated for  24 demographic character- 
i s t i c s  which ranged from to ta l  employed to 
re ta i l  sales, to to ta l  housing un i ts ,  to 
marriages. Ratios of the collapsed stratum var i -  
ance and both two-PSU-per-stratum variances to 
the actual one-PSU-per-stratum variance were cal-  
culated and then averaged over the 24 character- 
i s t i c s .  Since the calculat ions were based on 
census data, the three average re la t ionships 
represent between PSU variance only. The averages 
were as fo l lows: 

2 PSU Method, Without Replacement- 1 PSU Method 
Actual = 1.23 

2 PSU Method, With Replacement- 1 PSU Method 
Actual = 1.39 

1 PSU Method, Biased- 1 PSU Method Actual = 1.72 

Table 1 was derived using these three averages. 
I t  gives p robab i l i t i es  that  one would f a i l  to 
re jec t  the hypothesis that  the true value is K 
when the true value is not K. Probab i l i t i es  are 
given for  the four types of s i tuat ions considen~d 
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by Tepping. Since Tepping's variances did not 
include the w i th in  PSU component, we examined 
d i f f e r e n t  r e l a t i ve  amounts of w i th in  PSU va r i -  
ances, always assuming that  the w i th in  PSU 
variance was the same for  the four s i t ua t i ons .  

The 1.39 and 1.72 ra t ios  are consistent  with the 
fo l lowing formulae, which are eas i l y  derived" 

Actual variance for  1 sample PSU per stratum 

Z (o I i 
i 

Expected value of collapsed stratum variance 
est imator wi th no adjustment fo r  bias ( l  sample 
PSU per stratum) 

2 + ( y  _y ) O 
- . - Z [ ~ i + o 2 i  l i 2i 

1 

Expected value of 2 PSU's per stratum, with re- 
placement, variance est imator 

- ~ . [ ~ i + o ~ i  + ~ (Y l i -Y2 i )  ~] 
l 

The notat ion is as fo l lows" 

We have pairs of s t ra ta  ( l i , 2 i ) .  With se lect ion 
of two PSU's per stratum, each pa i r  of s t ra ta  is 
collapsed before two sample PSU's are selected. 
With se lect ion of one PSU per stratum, the co l -  
lapsing for  variance est imat ion is according to 
the same pai rs .  I t  is assumed that  the measures 
of s i z e a r e  the same for  the two s t ra ta  in each 
pa i r ,  and that  se lect ion of sample PSU's is wi th 
p r o b a b i l i t y  propor t ionate to the measure of s ize.  
I f  the measures of size are not equal, these 
resu l ts  do not hold exact ly .  

Y.. = The actual to ta l  fo r  the cha rac te r i s t i c  of 

j1 i n te res t  for  the j th stratum in the i th 
pa i r  of s t ra ta .  

~2.. = Actual variance for  the to ta l  Y o. fo r  the 
J] t h  j l  

j stratum in the i th pa i r  of s t ra ta .  In- 
cludes both the w i th in  PSU variance and the 
between PSU variance. 

These formulae y i e l d  the fo l lowing ra t ios"  

2 PSU Method, With Replacement" 

½Z(YIi-Y2i)2 
i 

1 PSU Method Actual = 1 + 
z(o = +~= ) 
• l i  2i 1 

l PSU Method, Biased" 

1 PSU Method Actual = 1 + 

Z(Y l i -Y2 i  )2 
i 

= ) 
2i i 

From our empir ical  data, the second term of the 
f i r s t  r a t i o  is .39 and the second term of the 
second ra t i o  is .72. The ra t i o  of these numbers, 

.39 _ 54 is qu i te  close to the t h e o r e t i c a l l y  

.72 " ' 
expected re la t ionsh ip  of .50.  No s im i l a r  re la -  
t ionsh ip  for  2 PSU's wi thout  replacement can 
apparent ly be derived. 

B. Conclusions 

As expected, the Type I I  e r ro r  p r o b a b i l i t i e s  are 
always lowest fo r  the ideal procedure, one PSU 
per stratum with a hypothet ical  variance estima- 
to r  wi th expected value equal to the actual 
variance. Also, as expected, p r o b a b i l i t i e s  are 
always lower fo r  two PSU's wi thout  replacement 
than for  two PSU's with replacement. The f o l -  
lowing are observations on comparing p robab i l i t i es  
fo r  the one sample PSU design wi th a biased va r i -  
ance est imator to p r o b a b i l i t i e s  fo r  a two sample 
PSU design. 

I .  Two PSU's with replacement is s i g n i f i c a n t l y  
bet ter  than one PSU when the distance between 
the true value and K is roughly in the 1.0o to 
3.0o range and when the w i th in  PSU variance is a 
low percentage of the to ta l  variance. 

2. Two PSU's wi thout  replacement is s i g n i f i -  
cant ly  be t te r  than one PSU when the distance 
between the true value and K is roughly in the 
l.Oo to 4.5o range, even when the w i th in  PSU 
variance is a f a i r l y  high percentage of the to ta l  
var iance. 

3. One PSU is not s i g n i f i c a n t l y  be t te r  than two 
PSU's with or wi thout  replacement for  any d is-  
tance. 

4. Overa l l ,  p a r t i c u l a r l y  when comparing two 
PSU's with replacement to one PSU, one is struck 
with how l i t t l e  the Type I I  errors r ea l l y  d i f f e r .  

In summary, the p r o b a b i l i t i e s  of i n co r rec t l y  
accepting the hypothesis that  the true value is 
some constant K do not d i f f e r  dramat ica l ly  be- 
tween two PSU's per stratum and one PSU per 
stratum (using the collapsed stratum est imator ) .  
However, two PSU's per stratum proves to be 
unequivocably super ior  to one PSU per stratum. 
Thus, i f  one wishes to use as a c r i t e r i o n  of 
choice the minimizat ion of the p r o b a b i l i t y  of 
accepting such a fa lse hypothesis, two PSU's per 
stratum should be selected in preference to one 
PSU per stratum (when used in conjunct ion wi th a 
collapsed stratum variance est imator unadjusted 
for  b ias) .  (Also, of course, two PSU's wi thout  
replacement is preferable to wi th replacement.) 

Note, however, that  these conclusions have been 
reached based on one survey s i t u a t i o n ,  and even 
though some of the resu l ts  are supported by the 
theore t i ca l  re la t ionsh ip  between expected values, 
there may well be other actual s i tua t ions  under 
which the conclusions are not va l id .  
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TABLE i. PROBABILITIES OF FAILURE TO REJECT NULL HYPOTHESIS THAI TRUE 
POPULATION VALUE IS K FOR DIFFERENT RELATIONS BETWEEN THE 

TRUE VALUE AND K (PROBABILITIES IN %) 

Di s tan ce 2 PSU METHOD, WITHOUT REPLACEMENT 
in Actual 1 PSU tl . . . . . . . . . . .  
~'s for 1 PSU Method II Within PSU Variance as Percent of Total Variance 1 
Method Between Actual i I 70 ! ~ 
True Value & K 40 50 55 60 65 75 ~ 80 

6.00 0.00 0.01 o.ol I 0.01 0.01 O.O1 I 0.01 0.01 0.01 

0.36 0.31| | 0.29 0.27 0.251 0.23 0.21 0.19 5.00 0.13 

4.50 0.62 1.33 1"191t 1.12 1.05 0 . 9 9 i  0 .93 0 . 8 8  0.82 

4.00  2 .28  4 .01  3 .69  3 .53  3 .38  3 . 2 3 i  3 .08 2 .94  2 .80  

3.75 

3.50 

3.25 

3.00 

2.75 

2.50 

2.00 

1.50 

1.00 

0.50 

0.01 

5.82 

9.15 

13.70 

19.60 

26.83 

35.20 

53.83 

71.64 

85.27 

93.62 

97.67 97.67 

4.01 

6.68 

10.56 

15.87 

22.66 

30.85 

50.00 

69.15 

84.13 

93.32 

97.67 

5.61 5.401 5.19 

8.86 8.58 i 8.30 

13.35 13.00 12 64 

19.19 18.78 i 18.36 ! 

26.38 25.93 I 25.47 

34.74 34.2 7 ! 33 80 

53.43 53.03 52.62 

71.38 71.12 I 70 86 

85.15 85.04 84.92 

93.59 93.56 93.53 

97.67 97.67 

4.98 4 78 

8.02 7 75 

12.29 ii 95 

17.95 17 53 

25.01 24.55 

33.32 32 84 
i 

52.20 51.77 

70.59  i 70 .31 

84 .79  84 .67  

93 .50  93 .46  

97 .67  97 .67  

2 PSU METHOD, WITH REPLACEMENT 

Within PSU Variance as Percent of Total Variance 1 

70 75 80 

0.01 0.01 0.01F 

0.32 0.28 0.24 

1.20 1.09 0.98 

3'72 3.45 3.20 

6.08 5.71 5.35 

8.52 9.48 9.00 

14.12 13.52 

20.09 

27.36 

35.74 

54.29 

71.93 

85.40 

93.66 

97.67 

12.92 

19.39 18.69 

26.60 25.83 

34.96 34.17 

53.62 52.94 

71.50 71.07 

85.21 85.01 

93.61 93.55 

97.67 97.67 

1 PSU METHOD, BIASED 

40 

0.02 

0.46 0.38 

1.76 1.51 i. 39 I 1.29 1.18 
g 

5.41 4.77 4.47 I 4.18 3.90 

8.74 7.82 7.37 I 6.94 6.52 

Within PSU Varia~ice as Percent of Total Variance I 

50 55_~  60 ~5 7 0  75 8o 
_ _ ' . 

0.01 0.01 i 0.01 0.01 0.01 0.01 0.01 

0.35 I 0.32 0.29 0.26 0.23 0.21 
f 

1.09 1.00 0 . 9 1  

3.64 3.38 3.14 

6,12 5.73 5.36 

11.53 I 10.93 10.34 9~77 9,22 8.68 

14.81 14.06 13.33 17.94  17 .14  i 16 .35 15 .57  i 

25.22 24.24123.26 22.301 21.34'120.40 19.47 

33.81 326813155 3043 29.30 28.18 27.07 
l 

43.34 } 42.13 I 40.90 39.66 38.42 37.17 35.91 
i 

63.02 I 61.84 60.63 59.401 58.14 156.85 55.53 

79.74 I 78.85 77.93 76.97 75.97 174.94 73.86 
i 

90.86 I 90.34 89.79 89.211 88.60 87.95 87.27 

'96.66. 1~ 96.42 96 .16  95 .89  95 .59  1i95"28 94 .94  

98.99 I 98.90 98.81 98 . 71 98 . 59 i 98 . 47 98 . 34 
I 

6.49 6.04 

10.01 9.43 

14.76 14.06 

20.83 20.02 

28.17 27.28 

36.56 35.66 

54.98 54.22 

72.37 71.89 

85.60 85.38 

93.72 93.66 

97.67 97.67 

55 60 1 65 
I 

0.0~ 0.02 I 0.01 

0.45 0.40 I 0.36 

I~58 1.44 I 1.32 

4,56 4 .27  1 3 .99  

7.23 6.841 6.46 I 

10.97 10.47 I 'I'~ 9 97' 

15.92 15.32 I 14 72 

22.15 21.47 i 2 0 . 7 8  

29.58! 28.85 !28.11 

3 7 . 9 9 i 3 7 . 2 5  36.s0 

56.17 I 55.56 54.93 
! 

73.12 ! 72.74 i 72.34 

85.94 85.77 85.59 

93 .81  93 .76  93 .71  
! i 

97 .67  97 .67  i 97 .67  

T 

. 40 1 50 

0.03 I 0.02 

0 62 ' 0.50 

2.01 1.72 

5.47 4.85 

8.44 7.63 

12.49 11.47 

17.73 16.53 

24 18 22.83 

31.72 30.31 

40 ii 38.71 

57.91 56.77 

74.21 73.49 

86.43 86 .ii 
I 

93.94 93.85 

97.68 97.68 

13.42 12.15 

19.58 

27.20 

36.07 

45.75 

65.30 

81.42 

91.82 

97.08 

99.14 

1 
Refers to actual total variance for a one PSU per stratum design. 


