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The variation norm between sampling with and 
without replacement is given by Freedman [I], 
Drawing a sample of k from a population of N 
(0<kiN), the variation norm is given by: 

d =IIF-QII= l-(Nk/N k) 

where P, Q are the induced probabilities for sam~ 
pling with and without replacement respectively, 
and 

N k = N(N-I)... (N-k+l) 

Freedman's bounds for this norm are: 

I I = l-exp [-k(k-l)/2N] 
< d < k(k-l)/2N = u I 

While i I is a fairly accurate approximation 
for d, u., as the first term of the Taylor series 

I 
for 11, is less adequate in representing d for 
certain combinations of N and k. 

A simple approximation for d can be obtained 
via Stirling's formula for n': 

n' = s = 2~n(n/e)n 
- n 

We have 

N k N~ 
= (N_k) .~k 

= e -k/I~! N-k+I/2 

and 

13 = l_e-k/l NN__~k~ N-k+l 12 

< d, N#k 

As will be justified later this formula pro. 
rides accurate approximation for d. However, due 
to the involvement of ~arge exponents, computa- 
tional inconvenience and undesirable rounding er- 
ror may arise. Taking an alternative approach, 
let us write, say, for k odd, 

N:. k-i 
N(k) - ~ = ~ (1-j/N) 

N k j=l 

= ~ i- l- 

j=l 

j=l 

Observing that 

Min 
l<_j_<k-i j (k-j) = k,l , 

2 N 2 N 2 

we have 

Max 
l<j<k-i j(k-j) _ k2_1 

2 N2 4N 2 

I i- ~ + k-i (k~l)12 
< N(k) 

<(i k k2 l l(k~l)/2 

- + --4;-2-/ 

Further simplifications lead to the following two 
b o u n d s  f o r  d :  

12 = i -Ii ~ ~ < d 

and 
t t 

u 2 = 1 -(I - ~_)k/2 
> d 

where k = the greatest odd integer less than or 
e q u a l  t o  k ,  and k = t h e  g r e a t e s t  e v e n  i n t e g e r  
less than or equal to k. 

S i n c e  

(k-l)/2 
y. j (k-j) = k(k2-1) 

j=l N 2 12N 2 

sharper approximations can be obtained by expand- 
ing (I). We have 

For practical computation purpose where N is 
large, u 3 is sufficiently accurate that no meas- 
urable precision will be gained by calculating 
the exact solution. To pursue this argument one 
step further, we note that the leading order term 
discarded when deriving u3, again for k odd, is 
bounded above by 

^ 

u3= (l-k/N) 

(k-5)/2 (k-l)/2 
i(k-i) ' j (k~-j) 

i<j N 4 
_2 

< i/2(l--k/N) (k-5)/2 )/2 

I_ j=l N2 

(k-5)/2 
<(1-k/N) k6 

This upper bound for u_ can be maximized at 
k = ~i-~. It follows that 3 

^ 

u < 6g (N)/N 
3 
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where 

g (N) = (i~7~) (~-~-5)/2 

g(N) is an increasing function of N. It increases 
very slowly for N up to, say, 1020 . Consequentl~ 

^ 

1 
U << --~ 

N 

for all k, and for almost all N. 
Let the relative error for approximating d 

by d' be defined by R=(d'~d)/d'. The difference 
between R and the usual relative error r=(d'-d)/d 

is small if R and r are small, because i rl ~ IRI 
_< I r-Ri = I rR I . The analysis of the trancation 

m ~ 

error for u 3 can be extended to the following 
proposition: 

Proposition. The relative error for calcu- 
lating Nk/N k while using the (approximation) for- 

mulas associated with 1 I, u I, 1 , u , 13, and u 
are 0[k3/N(N-k)], 0[k4/N(2N~k L)~, 0~k3/N(N~k)] ,3 
0[k3/N(N-k)], 0[k/N(N-k)], and 0[k6/N2(N-k) 2] re~- 

spectively. 
Proof : Since 

^ 

_ u 3 < u 3 ~  < k 6 
2 

u 3 (k~l) / 2 288N 2 (N-k) 
(I-k/N) 

the proposition for the case u 3 has been estab- 
lished. Similar leading-order-term argument is 
sufficient for proving all other cases except the 
case 13 . For this case we note that 

1 1 1 
in(n[)-In an-12 n 360n 2 + "'' < 12--~ 

then 
N:/s N 

0 < R = i - ~-~jk~)'[7"S-N_k 

< 1 - exP(12 ~ - 12(l~k]-I 

k 
< fi~T'(N-k] 

as was to be shown. 
From this proposition, it is apparent that 

both 13 and u provide accurate approximation for 
d. Although ~s indicated in the proposition, 1 
should be favored whenever k 5 > 24N(N-K), only 
rigorous analysis of rounding errors, which is 
outside the scope of this paper, can decidewheth~ 
er and when 13 is computationally more useful than 

U . 

3 Table 1 displays numerical results computed 
with 16 (decimal) digit accuracy, The "exact" 
solution is computed by brute force using 

^ k-1 j 
d = I - ff (i -~) 

j=l 
For a fixed N, as k increases, all approximations 
except ul rapidly approach unity. 

Rellative computing error 

R = ( -d')/d' = R + rounding error 

for these approximations are found in Table 2, In 
certain cases, the rounding error becomes dominate 

over the relative error. For computation purpose 
u appears to be a better approximation. 
3 

Reference 

i. Freedman, D. (1977), "A Remark on the Differ- 
ence Between Sampling With and Without Replace- 
ment ~' Journal of the American Statistical Asso- 
ciation, Volume 72, 681. 

735 



z I 

II 
o X

 
q-I 
O

 

II 

O
.'-- 

-,-4 
N

 
O

 

r-- 

r~
 

u
~

 

c~
 

,-4
 

~ 
r-.- 

(~
 

,-4
 

~
:j 

r.- 

o r~
 

r~
 

o f~
 

._~
 

o 

Z
 

o o 

v o
o

 
o

o
 

O
L

r3
 

v p
.- 

u'~
 

~
t/'3

 
,--t 

'~
 

o
o

 

,--t 
.~1 ~ 

'~
" 

o
~

 
'~'~ o

~
 

o
o

 

v ,--t 
'~

 

v o
o

 

,-.-t 
~ 

v ~¢') 
¢xl 

o
~

 

o
o

 

o
o

 
r

i
o

 

A
 

A
 --I" 

~ 
V

 
o

o
o

 
O

O
l.~

 
O

L
~

O
~

 
I-~

 
O

'~ 
O

~ 

A
 

v ,-.I 
o

~
 

o 
o

~
 

,-I 
o 

0 
• 

o
d

~
 

,--t 
,,~1~ O

 
O

~ 
,--I 

O
 

v ,--~ ,,~1~ O
 

O
~ 

,--'1
0

 

,~!~ ~,'~ O
 

• 
• 

• 

O
 

O
 

,--'1 

O
~

O
O

O
 

O
,--IO

 
O

~
 

,'--I 
O

 
',~!~ O

~ 
O

 

O
O

O
 

,--'1
0

 
O

 
rio

 ,-'4 

~ 
,'--I 

v
v

 
O

O
O

O
 

O
 

O
 

Lr) 
O

 
O

l
~

O
 

~
") 

,--! 

v
v

 
('X

l 
O

O
 O

 
O

 
O

~ 
,--I 

"~
" 

O
 

~!~ 
C

O
 

O
'~ 

O
 

O
 

O
 

O
,--t 

~ 
O

 
,,~1 ~ 

O
~ 

,--'1 ~ 
O

 

~I~ 
O

O
 

O
~ 

O
 

0
0

0
,--4

 

A
~

 

V
V

 
,~

 
O

 
~1~ O

 
O

~ 
,--I 

O
~

 
O

 

,,~!~ O
O

 
O

~ 
O

 

0
0

0
,--4

 

~
,--I 

v
~

 
,--i 

o 
,,~!~ 

',~" 
0

0
 

o
~

 
o 

• 
• 

• 
• 

~---4 ~
'.- 

,.--I 
o 

~'~ 
O

O
 

O
'~ 

O
 

c~ c~ o 
~ 

O
~ 

O
~ 

~'~l O
 

O
'~ 

("~1 ~ 
O

 
~1~ 

O
O

 
O

~ 
O

 
,~1~ ,,~', O

~ 
O

 

o
o

o
o

 
,

~
o

o
o

 
~

-Io
o

 
,--Io

 ,-.! 

v
v

 
o

o
o

o
 

O
O

l
~

O
 

u
~

 
o

~
 

~ 
o 

v
v

 
O

'~ O
 

(~
1

0
 

'~!~ O
~

 
O

~ 
O

 

O
'~ 

O
~ 

1"- 
O

 
O

'~ 
i".. 

(~
l 

O
 

c~ c~ c~ ~ 

O
~ 

O
~, 

1"~ 
O

 
O

~ 
!'~. 

(~
l 

O
 

,~!~ O
~ 

O
'~ 

O
 

O
 

O
 

O
,--~

 

v
v

 
~ 

O
'~ 

1"~ 
O

 

O
'~ 

~
') 

~ 
O

 

O
 

O
 

O
 

,--I 

O
~ 

O
'~ 

.~I~ O
 

O
~ 

I"- 
(~

1
0

 

",~
 

o
,1

 

0
~

 
!~

. 
,--.1

0
 

(D
'~ r") 

~ 
O

 

0
0

0
,--I 

O
O

O
O

 
~

--tO
 

O
 

O
 

,--IO
O

 
,'--Io

 
,--I 

Lr~ 
C

~
 

,--I 
,--I 

r"~
 

"4- 
"k 

0
 

0
 

0
 

u
"~

 
C

~
 

O
 

O
 

L
~

 
(~

 
O

 

Lr~ 
O

~ 
O

~ 
O

~ 
O

 

A
~

 

0
~

~
0

 
0

~
~

0
 

~
~

0
 

~
~

0
 

0
~

~
0

 
0

~
~

0
 

0
~

~
0

 
~

~
0

 

Lr~ 
~ 

,--I 

O
 

0
0

 
U

~ 
P

'- 
O

 
O

 
0

0
 

(~
I 

C
Xl 

O
 

U
~

 
O

~ 
O

0 
0

~
 

O
 

~
d

d
~

.q
 

v
v

~
 

~
~

O
 

~
~

O
 

O
~

~
O

 
~

~
O

 
~

~
O

 

d
d

d
d

~
 

0
~

~
0

 
0

~
~

0
 

~
~

0
 

~
~

0
 

0
~

~
0

 
0

~
~

0
 

0
~

~
0

 

O
O

O
O

O
 

,'--I 
O

 
O

 
O

 
O

 
,

~
O

O
O

 
,--tO

O
 

,"4
0

 ,--I 

I 
"1" 

v
v

,
~

.
 

v
 

O
O

O
~

O
 

O
 

L
~

 
~ 

~D~ O
 

A
A

~
 I 

V
V

V
 

O
~

~
O

 
O

~
~

O
 

O
~

~
O

 
~

~
O

 
~

~
O

 

O
~

~
O

 
O

~
~

O
 

O
~

~
O

 
~

~
O

 

I 
v

v
v

 

o 
o

~
 

('~l 
',~

 
o 

u
~

 
~'~ 

o
~

 
o~, 

o 

I 
v

v
v

 
~

O
~

O
 

~
~

O
 

~
~

O
 

~
~

O
 

~
~

O
 

O
~

~
O

 
O

~
~

O
 

~
~

O
 

~
~

O
 

~
~

O
 

~
~

O
 

d
d

d
d

~
 

O
O

O
O

O
 

,
-

"
4

0
0

0
0

 
~--I O

 
O

 
O

 
,--I 

O
 

O
 

,--IO
 

,--I 

-I- 
-I- 

,~
..v

 
v
 

v
 

v
 

v
 

O
O

O
L

r
~

O
O

 
O

O
L

N
O

~
O

O
 

Lr~ 
O

~ 
O

~ 
O

~ 
O

 
O

 

v
v

v
v

 
O

O
~

~
O

 
O

O
~

~
O

 
O

~
~

O
 

~
~

~
O

 
~

~
~

O
 

v
v

v
v

 

O
O

~
~

O
 

O
O

~
~

O
 

O
~

~
O

 
~

~
~

O
 

~
~

~
O

 

v
v

~
v

 

O
 

O
 

O
O

 
',.O

 ~ 
O

 

~
v

v
 

~
~

~
O

 
~

~
~

O
 

~
~

~
O

 
O

~
~

O
 

~
~

~
0

 

O
~

~
O

 
~

~
~

O
 

~
~

~
O

 

v
v

~
 

O
O

~
~

O
 

O
O

~
~

O
 

O
~

~
O

 
~

~
~

O
 

~
~

~
O

 

~
d

d
d

d
~

 

O
O

O
O

O
O

 
,

-
-

I
O

O
O

O
O

 
r--IO

 
O

O
O

 
,--'1

0
 

O
 

O
 

,--I 
O

 
O

 
,--tO

 
,--4 

0 0 0 0 0 
0 0 0 
0 r-~ 

736 



0 (1) 

.,-t 
-0

 

I II 

~ 
,--4 

v I 
v 0 C

~
 

I 
v 0 I I 
v r~

 

0 I 

v 0 I 

.M
 

0 

~ 
0 0 

v ~
0

 
,--4

O
O

 

~
r'-t 

I 
I 

v
v

 

0,1 
0,1 

O
0

 

I 
I 

v
v

 

O
0

 
I 

I 

I 
I 

v
v

 
0

0
0

 

O
0

 
I 

I 

~--t 
r--t 

o'~
 

r--t 

I 
I 

O
0

 
,--I 

0 r--I 

v o
~

0
0

 
,--! 

('xi 
o

~
 

~c~c~ 

v
v

 
~

o
 

,--I 
~ 

o 

d
d

~
 

r'-t~
 

I 
I 

v
v

 
o

~
 

,.--I 
o 

C
~

L
~

O
 

0
0

0
 

I 
I 

v
v

 
0

0
r~

o
 

,.-~ 
,-~ 

o 

I 
I 

I 
I 

v
v

 
C

~l 
LN

 
0 

0
~

0
 

0
0

0
 

I 
I 

I 
I 

I 
I 

0
0

0
 

,'--I00 
,'-I0 ,--4 

I 
I 

v
v

 

,---I ('~l 
C

O
 

0 

c~ c~d ~ 

,--~ 
,--I 

L.C
~ 0 

o
d

d
d

 

I 
I 

I 

,'--I 
~ 

0"~ 
0 

~ 
~ 

('~l 
0 

0
0

0
0

 
I 

v
v

v
 

!'~. 
,~

 
~ 

0 
,--I 

,--I 
Lr~ 

0 
• 

• 
• 

• 
0

0
0

0
 

I 
I 

I 

L
~

 
'~I~ '~p 

I 
I 

I 

. ~. ~. ~. 

O
q 

C
~! 

,--.I 
0 

0
0

0
0

 
I 

I 
I 

0
0

0
0

 
,--I 

0 
0 

0 
r--IO

0
 

,'--IO
 

? 
v

v
 

~
~

o
 

~
~

o
 

('~I 
0,1---~ 

~ 
~--I 

00 
I 

I 
I 

~
d

d
~

 

I 
I 

I 
v

v
v

 

0
0

 
,--i 

l'~. 
o 

c~ c~ c~ c~ 

I 
I 

I 

~
~

o
 

~
~
o
 

~
~

o
 

~
~

o
 

o
o

o
o

 
I 

I 
I 

0
0

0
0

 
,'--~ 0 

0 
0 

,'-'4
0

0
 

,'-'l 
0 ,--4 

I 
I 

~
~
o
o
 

~
~

o
 

d
d
d
~
 

I 
I 

I 

~
~

0
 

~
~

o
 

0
0

0
0

0
 

,--'l 
,--I 

,--i 
O

0 
I 

I 
I 

I 

o"~ o
0
 
~
0
 
c,,I 0 

o
o
~
~
 

I 
I 

v
v

v
v

 
~

~
0

0
 

~
~

0
 

1~.. ~ 
Lr~ 

L
~

 
I 

I 
I 

I 

0
0

0
0

0
 

I 
I 

I 
I 

0
0

0
0

0
 

,--I 
0 

0 
0 

0 
,--'1

0
 

O
. 

0 
,--I 

0 
0 

,--I 
0 ,--I 

0
 0
 

0
 
0
 0
 
0
 
0
 
~-~ 

T
?

 
v

v
v

 

T
 

~ 
,--I 

,-~ 
,-I 

o 

o 
,-...I ,--I 

o 
,--I 

,--I 
,-I 

,--I 
I 

I 
I 

I 

,---I 
,~o 

o") 
r,~

 
o 

I 
I 

I 

,~
1

0
~

 
~ 

1 ~ - 
I 

I 
I 

I 
~

v
v

v
 

c~ c~ c~ c~ c~ 

I 
I 

I 
I 

v
v

v
v

 

~
~

0
 

I 
I 

I 

~
~

0
 

~
~

0
 

d
d

d
d

d
 

I 
I 

I 
I 

0
0

0
0

0
 

,--I 
0 

0 
0 

0 
,--I 

0 
0 

0 
,'--I 

0 
0 

,--'1
0

 
,'--I 

~
?

~
 

~
v

v
v

 

,---I ~
l 

c~l 
cx] 

0
0

 
o 

d
d

d
d

d
~

 

O
 

r--I 
,--I 

,---I 
Lr~ 

O
 

• 
• 

• 
• 

• 
• 

0
0

0
0

0
0

 

~'-~ ~ 
0 

C
~I 

0 
O

0
0

~
 

,--I 
,--I 

,--t 
I 

I 
I 

I 
I 

('X
l 

,--I 
C

xl 
0~, 

.,~
 

0 
r-I 

~--I 
,--I 

O
~l 

~
l 

0 

0
0

0
0

0
0

 
I 

I 
I 

I 
I 

I 
I 

I 
I 

• 
• 

• 
• 

• 
a, 

~
~

~
o

 
~

~
~

o
 

v
v

v
~

v
 

o
~

~
o

 
~

~
~

o
 

d
d

d
d

d
~

 
I 

I 
I 

I 
i 

0
0

0
0

0
0

 
~

0
0

0
0

0
 

~
0

0
0

0
 

r-'I 0
0

0
 

r
-
-
I
O
0
 

r
-
I
O
 

737 


