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1. Introduction

In many large scale household surveys, data
are obtained by sample designs involving geograph-
ic stratification and area sampling. The sample
size of these surveys is large enough to yield
estimates of reasonable accuracy at national and
provincial levels. Also, smaller areas composed
of complete strata do not pose a problem in
estimation, though the reliability of estimates
for these areas may be low. [f small areas cut
across design strata and are thus composed of
areal domains within strata, the reliability of
design-based estimates for these areas is severe-
ly reduced due to the effect of clustered sample
design used in these surveys. In cluster samp-
ling,ratio estimates for total or mean per unit
for areal domains can be biased due to signifi-
cant probability of having no sampled clusters
in the domains. For the same reason,the unbiased
estimates of totals have large variances (see
Kish and Frankel [9]). |In particular cases where
a domain has no sampled clusters, both estimates
become impractical.

Previous work on evaluation of efficiency
of synthetic estimates in large scale household
surveys has been done on the Health interview
Survey conducted by the U.S. National Center of
Health Statistics (see e.g. Levy and French [10],
Schaible, Brock and Schnack [18]), Current Popu-
lation Survey (see Gonzales [5], Gonzales and
Hoza [14]) and Australian Labour Force Survey
(Purcell and Linacare [12]). The method of syn-
thetic estimation uses knowledge of population
structure for improving efficiency of design-
based estimates. The knowledge of population
structure has been used in sample surveys in
design (as in probability proportional to size
(pps) sampling) and in estimation (as in ratio
and regression estimation) where some relation-
ship between an estimation variable and an auxil-
fary variable is assumed. In household surveys,
the characteristics of interest are usually counts
or proportions of various attributes, the basic
assumption in synthetic estimation being that of
homogeneity of these counts in socio-economic or
demographic subgroups in the population.

This paper considers the problem of evalua-
tion of efficiency of synthetic estimates for
cluster sampling with probability proportional
to size, which is the basic design used in many
household surveys. Previous papers on evaluation
of efficiency have assumed simple random sampling.
The evaluation is carried out by simulating the
sample design of the Canadian Labour Force Survey
(LFS) and by using the 1971 Census data. The para-
meters in the expressions for bias and efficiency
under super-population models are estimated by
weighted least squares using data of the char-
acteristics and population obtained in the cen-
sus. By assuming the finite population to be a
sample from a super-population, the effect of
population growth and heterogeneity of the popu-
lation on the bias and efficiency is examined
and the assumptions underlying synthetic esti-
mation are evaluated. A measure of relative
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accuracy of the synthetic estimate as compared
to the desian-based estimate, for a set of stra-
ta which include the domain, is suggested and
its values are obtained for the LFS design using
census data. The bias and variance of the syn-
thetic estimate with ratio adjustment based on
projected population in a large area, are also
derived for any sample design within strata.

2. A Short Review of Literature and Approaches
to Evaluation

The problem of small area estimation can be
posed as a problem of estimation of counts of a
population in the cells of a contingency table
of three dimensions -areal domains J, categories
of interest X (e.g. unemployed, employed, not in
labour force) and subgroups A {e.g. age-sex
groups). The estimates for domains can be ob-
tained from survey estimates in X x A cells by
applying the Deming-Stephan lterative Propor-
tional Fitting (IPF) algorithm to adjust these
estimates to conform to known marginal totals
(based on the last census) for A and J {see
Chambers and Feeney [1] and Freeman and Koch [3]).
Chambers and Feeney [1] investicate the optimal-
ity properties of estimates obtained by IPF im-
posing the two constraints of additivity to
known marginal totals for categories of A and J
and show that these estimates preserve the
structure of the population as given by inter-
actions of J, X and A.

The problem of lack of accurate intercensal
population projections for small areas is well-
known (see e.g. Eriksen [2]). The estimates ob-
tained by imposing the constraint of additivity
to A totals only have been called synthetic
estimates. These estimates can be defined as
weighted means of survey estimates in X x A cells,
the weights being the proportion of population
as of the last census, in the categories of A.

Royall [13] and Holt, Smith and Tomberlin
[8], model the structure of the population under
various assumptions and obtain the best linear
unbiased estimates of various parameters in the
framework of the linear model theory. The syn-
thetic estimates for domains are based on the
estimates of parameters obtained under the assump-
tion of equal probability sampling from infinite
population. The expressions for bias and vari-
ance of these synthetic estimates have been de-
rived in these two papers.

A problem in evaluation of synthetic esti-
mates lies in the difficulty in estimation of
their bias and efficiency. The approach used in
estimation of bias in a number of studies is to
obtain the average difference of synthetic esti-
mates and the census-based true values for a num-
ber of domains. In the case of conceptual differ-
ences between the characteristic of interest in
a survey and in the census, these estimates may
not be realistic. The efficiency of synthetic
estimates for simple random sampling has been
evaluated in a number of studies on the basis of
comparison of estimates of mean square error of



the synthetic estimate with that of variance of

an unbiased estimate. A problem with this ap-
proach is that the variance of the unbiased esti-
mate is very large due to small sample in the
domain. Gonzales and Waksberg [7], therefore,
introduced the concept of evaluation of average
mean square error for a set of synthetic estimates
and developed an estimate of the average mean
square error.

3. Synthetic Estimate

In household surveys, many characteristics
are homogeneous within demongraphic or socio-
economic subgroups, but due to the lack of avail-
ability of frames for these subgroups, the homo-
geneity cannot be exploited in the design through
stratification. However, these subgroups are
used as post-strata at the estimation stage. Also,
ratio estimation with population within subgroups
as an auxiliary variable, is used to improve
efficiency of design-based unbiased estimates
within post-strata.

We introduce synthetic estimation for strati-
fied sampling with an unspecified design within
strata. Let the population in a large administra-
tive area p be divided into a number of geographic
strata.

R We consider a post-stratified ratio estimate

Xh’ for characteristic total Xh’ given by
~ ~ P a
Xh=z(z Xha) =L (3.1)
— a heh P
pa
where ~
Q= design-based estimate of population
P in p and subgroup a,
Ppa = projected population in p and sub-

N group a,

Xha = design-based estimate of character-
istic total in stratum h and sub-
group a, and

h = a group of strata in p.

When h = p, (3.1) is the usual post-stratified
ratio estimate combined over strata in p. The
population projections, P a’ based on the last

census are available for large administrative
areas like provinces. However, for small areas
1ike groups of counties, population changes are
significantly affected by many factors and hence
projections of high enough reliability are not
easily available for such areas. When the small
area consists of a group of strata, no special
problem in estimation arises. If the small area
cuts across stratum boundaries, the usual domain
estimate corresponding to Xh is given by

.. . P
J - J pa
X, =32 (r 7% ) = , (3.2)
h 2 hen M p
h pa

where JXha is design-based estimate based on sam-

pled units in the domain in stratum h and subgroup
a. This estimate for a small area total has been
found to be very unstable, particularly in clus-
tered sample designs. For example, if no sampled
units belong to any of the domains in h, the
estimate is zero. -
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We now define a synthetic estimate jyh for

estimating characteristic total JXh in domain j

in h. The estimate is given by
. P
sn ~
Xo=z2 (z x Jwo ) P2, (3.3)
h ha ha
- heh
n pa
where JXha = proportion of population of subgroup

a in the domain j from stratum h as of the last

census. With tha as defined above, it is possi-

ble to evaluate the effect of population growth
on the bias and efficiency in the framework of
super-population models. The estimate (3.3) has
the same form as that in Gonzales and Hoza [6]

and Levy and French [10] except for the ratio,
adjustment. The ratio adjustment factor, Ppa/Ppa’

based on the projected population in large area
p makes the small area estimates for any char-
acteristic additive over the large area p. This
holds for all the three estimates defined above.

The effect of the ratio adjustment on the
bias and variance of synthetic estimate is dis-
cussed in the following section, where expressions
for bias and variance of the synthetic estimate
(3.3) are derived for any sample design within
strata. For simplicity, the superscript j in
tha has been dropped in later sections.

4. Bias and Variance

We shall use the well-known truncated Taylor
series approximation (Woodruff [15], Tepping [16])
in deriving bias and variance of the synthetic

estimate. We consider
y J
. . X W X
Ji’h- X o=z (1 cha ha __hay 5 (4.1)
- — a heh P P P
— pa pa

By first order Taylor series approximation to
Xha/Ppa (assuming large sample size in p and sub-

group a), we get

r (x ; W - )
heh ha ha P E(p
= pa pa

to this order of approximation,

iy oLdy s
X - 0%,
- -~ a

The bias of Ji;,

is thus given B&
¥y 2 pdy -

B( xﬁ) E( xﬁ Xh)

(z x W - Ix ).

heh ha "ha ha

It may be noted that Ppa

(4.2)

=1
a
is projected popu-

lation based on the last census. Because of possi-

ble undercoverage due to missed dwellings or per-

sons in the sample, the projected population Ppa

may not be equal to E(Ppa)'

it is assumed that the multiplier P__/E(P ) cor-
~ pa pa

In deriving the bias,

rects the estimate X for coverage bias and thus

~ ha
E(Xha Ppa/E(Ppa)) =

ha* It may be noted that



the undercoverage for subgroup a is assumed to
be the same in all strata of p.

The variance of Jyh can be obtained as (see
Appendix 1), —

P . .
vl Xh]-h;b v[g(xhawha Rthha) ——:——;ﬂ

(4.3)

(= Xha wha)/Ppa.

The second term in (4.3) shows the contri-
bution from strata (p-h), due to ratio adjust-
ment based on the large area p. The ratio adjust-
ment corrects the small area estimates for cover-
age bias and ensures the additivity of small
area estimates for a characteristic total over
large area p. The expression for V(Xh) can be

obtained by substituting W, = 1 in (4.3) and

that for V(JXh) by substituting W, o= 1 and re-
R LT

placing Xha by Xha'

5. Evaluation of Bias and Efficiency

The empirical study referred to in this
paper was confined to the province of Ontario
using the 1971 Census data. The evaluation was
done for a stratified clustered sample design
with strata and cluster delineations identical
rural strata and primaries of the LFS design.
The average number of dwellings per cluster is
approximately 2,000. The LFS sample is a multi-
stage area sample with three or four stages in
rural strata and two stages in large cities.
Details of the LFS design are given in Platek
and Singh [9].

In the 1971 Census, labour force data were
collected for a systematic sample of dwellings
with a sampling ratio of 1/3. By assuming the
systematic sample to be a random sample of all
persons, the counts of 'unemployed' and 'em-
ployed' were weighted within each cluster {i.e.
primary of the LFS design) with weights equal to
inverse sampling ratio within these clusters.

The province of Ontario has ten economic
regions divided into 20 rural strata in the LFS
design. Synthetic estimates were evaluated in
17 strata of these regions. Domains composed of
complete clusters were formed within these strata
with a proportion of the population of the stra-
tum in the domain, Wh, approximately given by

0.25, 0.50 and 0.75.

For simplicity, we consider a special case
of the synthetic estimate for a domain defined
within a single stratum. Also, the estimate does
not use subgroups and the ratio adjustment factor.
The estimates and expressions for bias, variance
and relative gain in efficiency for the estimates
are given below.

Let stratum h consist of Nh clusters of

to

which n, are drawn with pps with replacement.

~

The unbiased estimate JXh, of characteristic
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total JXh, in domain j, is given by

. h thi
Jx, =P = T (5.1)

b hga P

where Ph is the population in the ith cluster,

i
Xhi is the characteristic total in the ith clus-

ter, JXhi is Xhi if ith cluster is in the domain
j and is zero,otherwise and Ph = zh Phi' The
i=1
synthetic estimate is defined as
n
. h X .
¥ o=w p oz N (5.2)
hhohan oy P

and the unbiased estimate of characteristic total
Xh in stratum h is defined as

The bias and variance of J%h and variance of Ix

. h
are given by

J - _
BUX,) = wx, - I,
2 N 2
. W h P X .
h
vOx) = s SRRy, (5.3)
h =1 hi
N, jo2
A h P -X, . .
vix) =y RLRL Uy,
h i=l hi
Nh
where Xh = Xhi' The relative gain in
i=1 R
efficiency of synthetic estimate Jyh as compared
to JXh can be defined as
Iy - vy y - ¥ y12
' VEX) - vEX) - BEX)]
a%1 =

vOR) + 130X )1?

Table 1 gives the number of clusters in stra-
tum Nh’ the number of clusters in the domain NDh’

and the proportion of population of the stratum
in the domain Wh. Table 2 gives % relative bias
of J&h and
mains within strata for 'unemployed'.
relative bias of synthetic estimate

% relative efficiency of J&h for do-
. The %
N

Xh lies
between + 8% for 23 of 29 domains considered and
it increases as Wh is decreased. The efficiency
decreases as domain size Wh is increased and the
number of sampled clusters U is increased from

2 to 4. The efficiency gains for small W, are

i
quite high due to high values of V(th) in the
clustered sample design.



The population and characteristic counts in
the domains and strata used in the evaluation are
as of census time. In intercensal years, the bias
of synthetic estimates can increase due to uneven
population growth. The effect of this uneven
growth is examined below. For simplicity, we
consider again the case of a single stratum and
no subgroups. The relative bias is given by

BUX )  x.W
h h
. hhoy, (5.4)
Ix Ix
h h
=.j| 1 Jpa | H H
where wh Ph/Ph, Ph and Ph being population
counts in the domain and stratum, as of the last
census. Let
P
W
Qh = Wh jp 1
h
J
P\ P
=0 oy, (5.5)
I Py
h

where JPh and Ph are the current population Bounts
in the domain and stratum respectively. Let 52-=l+gh
J h
P

h . .
and T I+Jgh,where Jgh and 9 denote growth

rates ?n the domain and stratum respectively.
Thus, Q, =g, - Jgh if ]Jgh|< 1, i.e. non-zero

value of Qh represents uneven population growth

within stratum h. Also,
JPh
W= F__'(] + Qh) and
h
J J
. P . P
J - h _j h
B( Yh) (W, - X,) *Q 5 X
h
The relative bias is given by
]
P
. h ] s
BCX,) (x, P X) X, I
- = +Q 5 - (5.6)
Ix Ix h Py Uy
h h h

The first term of (5.6) represents relative bias
as of census time and the second term the con-
tribution of uneven population growth.

in order to evaluate average bias and effi-
ciency for domains of a particular size Wh, we

consider a super-population model expressing the
relationship between characteristic and popula-
tion counts in clusters. Such models have been
extensively used in the sample survey literature
for evaluation of efficiencies of alternative
sample designs and estimates.

We assume that a stratum consists of two
domains j and its complement with the following
model. For the ith cluster of stratum h let

X, . =8_P + e

b Phi hi ie domain j

(5.7)

Xpp = 8p BpPoi *+ e i¢ domain j,6h+],
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where 8, and §,_B, are regression coefficients
and h h"h

2 2 .t 2
g(,ehi|Phi) = o,e(ehilphi) = 0, .P ., 20,020,
. R
e(ehi'ehilphi’Phi) 0,i%i",1,i 1,2, 000N,

where € denotes expectation over domains. The
model is appropriate for characteristics which
are defined as counts of persons with certain
attribute. The regression coefficient can be
considered as a proportion of the population

with the attribute in a domain in stratum h. The
heterogeneity between clusters is shown by a non-
zero value of Shet with dependence of variance on

cluster size being appropriate for categorical
data. It is known that for socio-economic char-
acteristics t lies between | and 2. The para-
meter Sh represents heterogeneity due to differ-

ent regression coefficients, i.e. proportions
between domains within a stratum, the form of re-
gression coefficient in the complement of the do-
main being taken for simplicity of later express-
ions in this section. The implicit assumption
in using separate ratio estimates over subgroups
(combined over strata) as in (3.1), (3.2) and
(3.3) is that heterogeneity between subgroups is
a more important source of variation of character-
istic counts than heterogeneity between strata
within subgroups. The above model is, therefore,
also appropriate for individual subgroups in a
group of strata h by changing h to h.
Under model (5.7), it can be proved by

first order Taylor series approximation that

BCX,)
e[———1 =

X

Thus, if &

(1-6,) (4,-1) + Q8 (5.8)

“h"h°
b= 1 and Qh = 0,i.e. growth in inter-
censal period is even, the estimate is model-
unbiased. The expression (5.8) shows the effect
of heterogeneity, population growth and relative
size of the domain on the relative bias of the
synthetic estimate. The super-population vari-
ance of relative bias, assuming Gh =1 and

t =1, is given by
B0U%)  of ; ;
U[-—j;;—4= j;i—gf [Wh- Ph-Qh+(“Wh) Ph] (5.9)
h h “h
When Qh = 0, the variance is given by
B(%,) o
V[——]% s [1 - Wh]- (5.10)
Ix, e g2
h h""h

Since oﬁ/JPh.Sﬁ is approximately equal to
the square of the coefficient of variation of the

characteristic total in the domains of size wh,

the relative bias is expected to be more stable
for characteristics with greater homogeneity
within post-strata. Also, the relative bias is
expected to be stable for domains of large sizes.
These results can be used in obtaining rough
confidence intervals on the relative bias for
intercensal years by assuming that errors are
normally distributed.



The relative gain in efficiency under the
super-population model is given by

elvUIx 1 - V'K - 6U% DA

- - =A/B  (5.11)
evIX ] + (30X )2
h h
where
JP [P ] P
h _ 2 _ _h . 412
A= - Ph[(l 8, +8, 3 )wh 11
h Py
wiph Nh ; R
"oy [ii] P DAL e (1A )] Py
Jp JP
[+ 8,1 - ——)1 ]
h
2 N
[¢] h
h o (t-1) ~ i w2y L
Y2 [ P FOPRPd CAp i) = nPys
h"h
Ua . - wd),
hi h
wle, My
- Jp2 - _h 2 h_h
B Ph [(1 ah+5h 3 ) Wy 17 + - [-E Phi
Ph h i=1
] j
. p P
J J 2 _h hy42
[ Ahi R(-7A 0] P lz— s, (0 )17
h h
+ Gﬁ [ :h P(t_])[(P -P .) w + (. -
nBZ i, hi h"Thi? Yo" PriCAg
2
wh) 11 (5.12)
JAhi =1 if the ith sampied cluster is in the
domain and
J = : =
Ahi 0 otherwise. When dh 1,
P
L3 _J _Jp2 ylh oy 442
A== [ Ph(Ph Ph)] PL [j W 11
h P
h
Uﬁ " £-1
Yl [IE] Pri [PLPL)-
h*h
Jn o _uw2y. _
AL W) NP O A w) 11
2 N
o h
js2  h 192 h t-1 _
B="p I o e . [.E] Poi [PLPy)
h Py 1=
2 i 2
wh +n, Phi ( A wh)]] (5.13)
If cﬁ = 0, the gain depends on the number of

clusters in the sample, relative size of the do-
main, inaccuracy of weights shown by
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P
(TD—-Wh - 1) and heterogeneity in the stratum

J
Ph

(8, 1) .

When 6h=1 and the domain is equal to the

stratum (i.e. wh=l) the efficiency gain is zero.

The additional terms in (5.12), as compared to
(5.13), represent loss in efficiency due to heter-
ogeneity in the stratum as represented by § +l.

h
The parameters in (5.12% and (5. 13 intro-
duced by the model are Sh, % and 5

The best
linear unbiased estimates by generallzed least

squares under model (5.7), (assuming 6h=l) are
given by
N
h
(1-t)
L P R P
i=1
Sh =
Ny
p pl27t)
. hi
i=1
N
h
~2 ] “tn =02
o Sy o Philenite)
h i=1
where
hi = %hi 7 Bh Phi 1T N,
Moo
e, = NL Eooeye
h =]

The parameter 6h can be estimated as a ratio

of the regression coefficient under model (5.7)
in the complement of the domain and that in the
domain. However, in the empirical evaluation

selected values of Sh are used. The expressions

for efficiency gains based on an extension of
(5.7) to subgroups in a group of strata are given
in Ghangurde and Singh [4].

The expressions (5.12) and (5.13) were com-
puted for characteristic 'unemployed' using cen-
sus data on Xhi and Phi’ i=l,2,...,Nh. Table 3

gives % efficiency gains under the model with
Qh=0'0’ 6h=1.0, 1.1, 1.2 and t=1.0 for the same

domains in economic regions 53 to 57 as in Table 2.
It may be noted that Q,=0.0 (i.e no population
growth) at census time. The efficiency gains

shown in Table 3 for domains in these regions can
be compared with efficiency gains based on census
data as shown in Table 2. The efficiency gains
under the model decrease as §, is increased.

The relative bias value in stratum | of economic
region 53 is high and that in stratum 1 of economic
57 is low in comparison to those in other strata.
This could explain high discrepancies in efficiency
gains between Tables 2 and 3 for these two strata.
For other regions the two efficiency gains compare well,
thus providing a rough validation of the model

used in the evaluation. More extensive empirical
results on efficiency gains, based on the above
model and its extension for subgroups and assuming



other values of Q, and t are given in
Ghangurde and Singh [4].

The values of relative gains
obtained are very high due to the
ple design. For practical use of synthetic esti-
mation in such designs, we need a criterion for
relating the accuracy of synthetic estimate for a
set of domains to that of design-based estimate
for a group of strata. In section 6, we propose
a criterion for this purpose.

in efficiency
clustered sam-

6. A Measure of Relative Accuracy

We consider a ratio of relative mean square
error of the synthetic estimate to relative vari-
ance of the unbiased estimate for the group of

strata, which include the set of domains. The
ratio is given by
jv j 2 2
v( Xh) + [B( %ﬁ)] Xk
REX, T = —_ (6.1)
= ~ jy2
vix,) Xﬁ

and can be considered as a measure of relative
accuracy of the synthetic estimate for a set of
domains as compared to the unbiased estimate for
h. For interpretation of this ratio, we assume
that domains within strata are of the same rela-

tive size for all heh, i.e. wha=whaéwh' It
follows that -
;o= ondy J Iv Yy 2 2 yoy
Xh'wh B( Xh) + xﬁ, and V( Xh) =W v(xﬁ).
Hence .
iy 2 n
(BOX )1 BUX,)
i . 2 42
RUX D = 0 4 ———10 + ——1°.  (6.2)
- v ( xh) Xp

The ratio is a simple function of bias
ratio and relative bias. |f bias ratio and rela-
tive bias are small, synthetic estimate (for a set
of domains) will have approximately the same
accuracy as that of the unbiased estimate X _ for
h. The above ratio may be called synthetic—
Ybr small area) estimation effect, since it is a
factor by which accuracy of small area data is
decreased (i.e. relative mean square error is in-
creased) due to non-conformity of small areas to
design strata.

The ratio was evaluated for the same domains
within strata of economic regions 53 to 57 as
those considered for evaluation of bias and

efficiency. The ratio R(1X ) is obtained by sub-

stituting h for h in {6.1). Tables 4 and 5 give
values of R(J h) for 'unemployed' and ‘employed'

for domains of various sizes W
ters n .
h

and sampled clus-
The value of the ratio increases as Ny

is increased ard Wh is decreased. Due to high

values of relative bias and bias ratio for 'un-
employed' as comapred to those for 'employed',
for the same values of Wh and Ny the ratios are,

in general, greater for 'unemployed' than for
'employed'. It may be noted that the ratio can
be expressed in terms of coefficient of variation
(cv) and retative bias.

In practice, the relative bias can be esti-
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. ~ j,u
mated using census data and CV(Xh) and CV( Xh)

using survey data. For census years, the ratio
can thus be evaluated for various characteristics
and domain sizes. In case census data is not
available for some characteristics, the results
on relative bias and its variance under models,
given in section 5, can be used for evaluation

of bias. The values of the ratio can be used to
appraise accuracy of synthetic estimates for do-
mains in comparison to that of estimates for com-
plete strata. For characteristics and domain
sizes with the value of the ratio close to one,
synthetic estimates can be used with similar inter-
pretation as that for the design-based estimates
for complete strata.

7. Concluding Remarks

The main feature of this paper has been the
derivation of bias and variance of synthetic
estimate with ratio adjustment based on projected
population in a large area and evaluation of bias
and efficiency using census data. The framework
of a super-population model (considered in this
paper) provides analytical results on the bias
and efficiency and shows the effect of population
growth and heterogeneity of the population. The
mean square error under the super-population
model, as a measure of accuracy of the synthetic
estimate, corresponds to the concept of average
mean square introduced by Gonzales and Waksberg
[7]. The basic sample design assumed in the
evaluation of efficiency gains is cluster sam-
pting with pps with replacement. However, the
results on bias and variance given in section &
are valid for any sample design. The values of
efficiency gains obtained are rather high for
small domains due to the clustered sample design.
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Appendix |
We have from (3.3)
. R p
3y pa
X, =2 (2 X_W ). ==
h g hep MM g
n pa
Let Rb@ = (hih Xhawha)/Ppa' Then by first order
Taylor series approximation to Xha/Ppa
I X, W LoX W
i heh ha ha heh ha ha
X, - ¢ © X W _ = [ = - 1P
b hen MR p pa
- pa pa
R (2 mem)%a Pm
heh
=olz X W - ] —=
a heh P E(P )
- pa pa

“ P
. pa _
Assuming E[Xha — ] X
pa

corrects the estimate Xha

i.e. that the mul-

tiplier Ppa/E(Ppa) for



undercoverage errors in subgroup a in h, we have

EC% ) =3 =

X W .
h’ a heh ha ha

Table 1

Domain Sizes and Weights

Economic N N W
By changing the order of summation, which avoids Region Stratum h Dh h
derivation of variances and covariances for post- 52 1 ]_ T O;
strata within strata (Woodruff [11]) 3 A 0'46
. P :
jv . _ : o 5 pa 10 0.77
X, LT Thatha T hih[i(xhawha Rpaf pa) e )] 2 1 3 0.25
- — pa 6 0.53
9 0.83
~ ~ P 3 15 4 0.25
= o [E(X W, - R P —P2 7 0.48
heh a 0" D8 NE pep ) 12 0.82
pa 58 1 18 4 0.27
P 2 0.48
_ ~ pa 1 0.76
he (- )HRb_aPha) e )] 2 17 4 0.21
2 pa 9 0.50
. . . . e 1h 0.72
Since sampling is done independently within each 1 0.27
stratum 3 3 Z ’1‘6
j . . P 10 8'63
Y _ - pa .
VXD = o V[E(Xhawha RpaPha’ e )] 53 ] 13 6 0.46
- pa 54 ] 15 8 0.55
55 1 17 8 0.47
. P 2 14 7 0.50
+ VIz(R, P, ) —P2] 56 1 14 7 0.50
he(p-h) a 2 M E(P.,) 2 13 6 0.39
which is (4.3). °7 ]2 }[; ; 8:22
50 1 14 6 0.4k
59 1 14 6 0.45
2 19 7 0.39
Table 2
% Relative Bias and Efficiency Gain (Unemployed)
Economic % Efficiency Gain
Region Stratum Wh % Rel Bias nh=2 n,=3 nh=l+
52 ] 0.22 10.98 5,689 L,72% ,035
0.46 -3.68 3,540 3,670 3,513
0.77 1.39 1,300 1,023 1,016
2 0.25 2.00 10,761 10,602 10,449
0.53 1.34 3,670 3,266 3,244
0.83 .08 792 790 783
3 0.25 5.33 L, 584 L, 113 L 254
0.48 5.48 1,463 1,384 1,312
0.82 3.94 303 294 286
58 1 0.27 2.69 5,172 5,119 5,067
0.48 -3.70 1,808 1,768 1,730
0.76 -2.15 502 L9y 493
2 0.2} 2.82 1,315 993 791
0.50 -8.15 1,509 1,370 1,253
0.72 -6.85 589 545 506
3 0.27 1.24 3,680 3,016 2,550
0.46 8.43 2,149 1,878 1,668
0.63 2.23 1,655 1,631 1,607
53 1 0.46 27.32 316 237 182
54 1 0.55 2.43 2,824 2,767 2,712
55 1 0.47 8.02 1,352 1,251 1,162
2 0.50 -7.06 2,128 1,892 1,702
56 I 0.50 -6.40 1,553 1,463 1,382
2 0.39 -4.09 5,080 4,819 4,583
57 1 0.49 1.59 7,853 6,690 5,824
2 0.69 -3.16 2,808 2,639 2,488
50 1 0.44 9.11 1,430 1,299 1,189
1 0.45 4. .25 2,669 2,569 2,475
2 0.39 -7.68 1,211 1,161 1,115
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Table 3
% Efficiency Gain Under Model (Unemployed)

Q,=0.0, t=1.00

ER Stratum n §,=1.00 §,=1.10 § =1.20
53 1 2 1030 595 789
3 946 86L 681
L 873 786 597
54 1 2 2759 2253 1483
3 2116 2082 1212
L 2486 1866 1044
55 1 2 1670 1488 1115
3 1567 1356 956
i 1476 1244 834
2 2 1994 1729 1226
3 1865 1563 1039
4 1750 1425 899
56 1 2 1309 1190 930
3 1219 1083 8ok
4 114 993 705
2 2 4202 3328 2031
3 3798 2857 1615
L 3464 2499 1335
57 1 2 1322 1202 939
3 1231 1093 811
4 1150 1001 711
2 2 2784 2200 1333
3 2709 2052 1166
L 2638 1922 1034
Table 4
R(Jyh) (Unemployed)
R(Wh)
ER  Stratum Wh nh=2 n,=3 nh=4
52 1 0.22 2.0529 2.4636 2.8739
0.46  1.0201 1.0662 1.1124
0.77 1.0413 1.0478  1.0544
2 0.25 1.0734 1.0892 1.1050
0.53 1.0405 1.0471  1.0539
0.83 1.0203 1.0226 1.0249
3 0.25 2.5433  2.6399 2.7365
0.48 1.2687 1.3363 1.4038
0.82 1.1304 1.T554 1.,1803
58 1 0.21 1.0763 1.0872 1.0982
0.48 0.9689 0.9895 1.0103
0.77 0.9775 0.9786 0.9856
2 0.2 3.9996  5.1779 6.3557
0.50 1.0400 1.1382 1.2364
0.72 1.0064 1.0758 1.1452
3 0.27 2.2042 2.6752 3.1456
0.4b6 1.6109 1.8284  2.0459
0.63 1.0756 1.0909 1.1061
53 1 0.46 3.0872 3.8204 4.5534
54 1 0.55 1.0925 1.1141  1.1358
55 1 0.47 1.3734 1.4768 1.5802
2 0.50 1.1162 1.2479 1.3797
56 ] 0.50 0.9907 1.0480 1.1054
2 0.39 1.0292 1.0837 1.1384
57 ] 0.49  2.0418 2.3915 2.7412
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ER  Stratum ") n, =2 nh—3

Table 5
o
R( Xh) (Employed)

ROX,)

h h "

52

58

53
Sh
55
56
57

50
59

L& 0163 1

.53 .0357 1

48 .0553 1

.21 L2630 1

48 L0039 1

21 L0208 1

.50 L1009 1

.27 L2415 1.3844

46 .0485 1.0838

b6 .3505 1.5778
1
]
1
]
I
1
1
]
]
1

i .0217
1

I

1

1

1

i

1

1

1

.55 1.3729 L5711

[

1

1

1

1

1

1

0

1.

.0451
.1031
.3804
.0088
. 0408
L1384

.0270
-0544
.1509
-43979
.0136
. 0606
-1757
5275
L1191
.8051
.7693
.0117
.7881
.96L6
.1683
1587
.5850
4090
.0307
L4164

1
2
3
1

2

w

b7 L0074 .0096
.50 .3581
.50 .5016
.39 .0722
.49 .0899
.69 .3061
by L3134
L6 .9845
-39 3007

-5731
7331
.1203
L1243
4456
.3611
.0376
-3585

[eNeoNeoNeNoNoNoNoNoNolNeNolNoNoNelNo oo No o
.
e e o it et ol it —

W R = N = R = N = — =
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(8]

References

Chambers, R.L. and Feeney, G.A. (1977), 'Log
Linear Models for Small Area Estimation',
Paper presented at the Conference of the
Biometric Society, Australasian Region.

Eriksen, E.P. (1974), "A Regression Method
for Estimating Population Changes for Local
Areas', Journal of the American Statistical
Association, pp. 867-875.

Freeman, D.H. and Koch, G.G. (1976), 'An
Asymptotic Covariance Structure for Testing
Hypotheses on Raked Contingency Tables from
Complex Sample Surveys'', Presented at the
Social Statistics Section of the American
Statistical Association.

Ghangurde, P.D. and Singh, M.P. (1977},
"Evaluation of Efficiency of Synthetic Esti-
mation in the LFS'", Technical Report,
Statistics Canada.

Gonzales, M.E. (1973), "Use and Evaluation of
Synthetic Estimates', Proceedings of the
Social Statistics Section of the American
Statistical Association, pp. 437-h43,

Gonzales, M.E. and Hoza, C. (1978),''Small
Area Estimation With Application to Unemploy-
ment and Housing Estimates', Journal of the
Amer ican Statistical Association, pp. 7-15.

Gonzales, M.E. and Waksberg, J.L. (1975),
""Evaluation of the Error of Synthetic Esti-
mates'', Unpublished paper presented at the
first meeting of the International Associa-
tion of Survey Statisticians, Vienna.

Holt, D., Smith, T.M.F. and Tomberlin, T.J.

(1977), "'Synthetic Estimation for Small Sub-
groups of a Population', Unpublished Report,
University of Southampton.



[9]

(1ol

(1]

[12]

Kish, L. and Frankel, M.R. (1974), "In-

ference from Complex Samples (with discussion)',

Journal of the Royal Statistical Society,
B, 36, 1-37.

Levy, P.S. and French, D.K. (1977},
"'Synthetic Estimation of State Health
Characteristics Based on the Health Inter-
view Survey'', Series 2, Report No. 75, U.S.
Department of Health, Education, and Wel-
fare.

Platek, R. and Singh, M.P. (1976),
'"Methodology of the Canadian Labour Force
Survey', Technical Report, Statistics
Canada.

Purcell, N.J. and Linacare, S. (i1976),
"Techniques for the Estimation of Small

Area Characteristics, Paper presented at

the third Australian Statistical Conference,
Melbourne.

61

[13]

[14]

[15]

[16]

Royall, R.M. (1977), "Statistical Theory

of Small Area Estimates - Use of Prediction
Models'', Unpublished Report, U.S. National
Center of Health Statistics.

Schaible, W.L., Brock, D.B. and Schnack,
G.A. (1977}, "An Empirical Comparison of
the Simple Inflation, Synthetic and Com-
posite Estimators for Small Area Statistics
Paper presented at the Annual Meeting of
the American Statistical Association.

'

Woodruff, R.S. (1976), "A Simple Method of
Approximating Variance of A Complicated
Estimate', Journal of the American Statis-
tical Association, pp. 411-414,

Tepping, B.J. (1968), "The Estimation of
Variance in Complex Surveys', Proceedings
of Social Statistics Section, American
Statistical Association.



